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COIJPIiESSISLS F L a ? .
being  a tlio s la  pros ont ed by 
Windrow R. M ltc l io l l ,  B*Sc* 
to  tlie  u n iv e rs ity  o f St* i^drev/s 
in  a p p l ic a t ia i  fo r  
the  dogrce of 
Doctor o f Pliilooophy*
I  c e r t i f y  t l i a t  iind rov7 R# M l t c n e l i f  B#So#^ lia s  s p e n t n in e  
te r o s  i n  r e s e a rc h  w o rk  u n d e r my d i r e c t i o n ,  an d  so i s  q u a l i f i e d  
t o  s u b n it  th e  a c c o n p a n y in g  t h o s is  i n  a p p l io a t io n  f o r  t h e  d e g re e  
o f  D o c to r  o f  P li l lo s o p h y #
D i r e c t o r  R e se a rch *
DECIWUTIQN*
I  d o c la r o  tJ ia t  t l i o  f o l l o w in g  t h e s is  i s  based on ro s o a rc h  
w o rk  c a r r ie d  o u t b y  no, t h a t  t h e  t h e s is  i s  i!^  cxm o a ip o s i t i o n ,  
and t lm t  i t  has n o t  p r e v io u s ly  boon p re s e n te d  f o r  a  h ig l ie r  
der^reo*
' The re s e a rc h  1m s boon c a r r ie d  o u t  i n  th e  ia t l ie m a t ic s  
D e m r tn e n t  o f  th e  U n ite d  C o lle g e ,  U n iv e r s i t y  o f  S t»  .in d re iva , 
u n d e r th e  s u p e r v is io n  o f  D r .  D .E . R u t W r f o r d .
PSlSOIfAL mKD’ACB.
I l l  O c to b e r ,  1 9 3 9 , I  u ia t r ic a la t o d  a t  U n lv o r s i t y  C o l le g e ,  
Dundee and  o b ta in e d  th e  d e g re e  o f  B .S c *  w i t h  i  i r s t  G la s s  
H onours in  : Ia t l ie in a t ic s  i n  J u n e , 1942*
In  . iu g u s t ,  1942 , I  was d i r e c t e d  b y  t h e  m in is t r y  o f  L a b o u r 
and R a t io n a l S e rv ic e  t o  t l i e  l i n i s t r y  o f  n i r o r a f t  P r o d u c t io n ,  
w here  I  s e rv e d  as a  S c i e n t i f i c  O f f i c e r  u n t i l  S e p tem b or, 1946* 
In  O c to b e r ,  1 9 4 6 , I  jo in e d  t h e  s t a f f  o f  th e  U n iv e r s i t y  
o f  S t*  iin d re w s  a s  a l e c t u r e r  i n  R a t l i e ia t i c s ,  a t  t h e  same t i n e  
r e g is t e r i n g  as  a r o a o a rc l i  s t u d e n t . S i n c e  t h e n ,  I  Im ve  
c o a p lo to d  n y  n in e  te n z is  o f  r e s e a rc h  on t h e  w o rk  s u ta n it te d  i n  
t h i s  t l i e s i s ,  u n d e r  t h e  d i r e c t i o n  o f  D r* D*K* R u th e r fo r d ,  
L e c tu r e r  i n  la th c m a t ic a  and  A p p l ie d  M a th e m a tic s  a t  th e  
u n iv e r s i t y  o f  S t*  im d re w s*
(I)
iiraîx.
I n t r o d a c t lo n .  2
L is t s  o f  S ym bo ls* 3 .
PiUiT I  (T h e o ry  o f  G o ip r e s s ib le  F lo w ) .  5 .
U e fo re n c o s *  3 3 .
Pa HT I I  ( A p p l ic a t io n  o f  R e la x a t io n  îe tî io d s  t o  
G o u ip ro s s ib lo  H o w  P ro b le ro s )*  3 4 .
T îie o ry  o f  R e la x a t io n  T o c im iq u e  35^
P rob lo iH  I  (S u b s o n ic  1 lo w  p a s t  a  F i n i t e
G y m o t r ic a l  D o u b le  V/ocIge) 58^
P ro b lo m  I I  (S u p e rs o n ic  F lo w  p a s t  an
I n f i n i t e  D o u b le  U odgo) 9 2 .
P ro b le m  I I I  (S u p e rs o n ic  F lo w  i n  a
T w o -D lm o n o io n a l C o n v e rg in g  R o z z lo )  1 0 8 .
O e a o ra l C o n c lu s io n s  132*
R e fe re n c e s  135^
(2)
IIITRQDUCTIOH*
^ io u ly t i c a l  s o lu t io n s  o f  tw o  d im e n s io n a l c a n p i 'o s s ib lo  f lo w  
X )rob l0Li3 c o n ta in in g  s u b s o n ic  r e g io n s ,  s u p o rs o n ic  r e g io n s ,  and  
shock w a ve s , do n o t  seem l i k e l y  i n  t h e  n e a r  f u t u r o , a l t lm u g h  
c o n s id e ra b le  p ro g ro s s  lia s  been nade r o c o n t l y  i n  t h e  hodo^p?aph 
p la n e , ^ a c c o rd in g ly ,  i t  was f e l t  t h a t  m uch use  c o u ld  bo  im d o  o f  
n u m e r ic a l m ethods o f  s o lu t io n ,  u n t i l  s u c h  t im e  as a n a l y t i c a l  
s o lu t io i js  be c floa  a v a i l a b le • T h o i 'o fo re ,  when P r o f .  H .7 .  S o u th w e ll 
i n  r o f o i ’ encos (2 )  and  (3 )  o u t l in e d  u r e la x a t io n  to c l in lq u o  f o r  
s o lv in g  th e  p ro b le m  o f  s u b s o n ic  c o r ip r e s s ib lo  f lo s7 th ro u g h  a 
c o n v e rg e n t-d iv e rg e n t  n o z z le ,  i t  was d e c id e d  t o  s o o  how f a r  
r e la x a t io n  " jo th o d s  w o u ld  s o lv e  p ro b le  is  v A iic h  c o n ta in e d  n o t  o n ly  
su b s o n ic  r e g io n s ,  b u t  a ls o  su% )erson ic  r e g io n s  and s h o c k  w a vo s .
l ^ o f . H .V . S o u tlu s ro ll h i  r o fe r o n c e  (4 )  and P r o f .  H .\7 . Pkcaais 
i n  r e f  o r  once (10) a s s o r tc x l t h a t  t h e  r e la x a t i o n  to c l in iq u e  f a i l s  
t o  y ie ld  d e f i n i t e  r e s u l t s  u n d e r  s u p e rs o n ic  c o n d i t io n s ,  b u t  t i i i s  
i t  i s  hoped t o  d is p r o v e  i n  th e  c o u rs e  o f  t l i e  ia v o s t ig a t io n .
R o fe ro n c o s  ( 1 ) ---------- (1 3 ) c o n s t i t u t e  th o  b u lk  o f  th e
a r i t h m e t ic a l  w o rk  c a r r i e d  o u t  i n  t i l l s  c o u n t r y  oa p ro b le m s  o f  
c o m p re s s ib le  f lo w .
f i le  t h e s is  i s  d iv id e d  i n t o  tw o  fo a in  p a r t s .  P a r t  I  i s  a 
s h o r t  a c c o u n t o f  t h o  f o a tu r o s  o f  c o ip r e s o ib lo  f lo w  th e o r y ,  on 
w ii ic h ,  i n  th o  n a in ,  th o  L ie tho ds  o f  P o r t  I I  a re  b a s o d . P a r t  I I  
c o n ta in s  t l i e  r e la x a t io n  to c h n iq u o ,  a d ju s te d  t o  s o lv e  t l i r o o  
c o m p re s s ib le  f lo w  p r o b lo n s ,  i n v o l v in g  m ix e d  f lo w  r e g io n s  and  
shock w aves.
(3)
L IS T  OF S riB O L S .
A d is ta n c e  b e tw e m  tw o a d ja c e n t  nodes#
c v e l o c i t y  o f  sound#
c _ ,c  s p e c i f i c  h e a ts  a t  c o n s ta n t  p r e s s u r e ,  and vo lum e
^  r e s p e c t i v o ly .
S i n t e r n a l  energy#
F r e s id u a l  a t  a node#
(y mass f lo w  p e r  s ocond#
h  s i g n i f i c a n t  l i n e a r  d im e n s io n ;
o n t im lp y #
k  c o n s ta n t  i n  a d ia b a t ic  g a s  law #
L  r a d iu s  o f  c u r v a tu r e  o f  a  s tre a m  l in e #
Z  d is ta n c e  a lo n g  a s tre a m  l in e #
lA Macli Jum bor ( » Ü  )
c
n  d is ta n c e  a lo n g  a  n o rm a l t o  a  s tre a m  l in e #
p  p re s s u re .
R gas c o n s ta n t  (a  Cp -  c ^ )
r , O '  p o la r  c o -o i* d in a te s #
S e n tro p y #
T a b s o lu te  te m p e r a tu r e ,
u v e lo c i t y #
Uy v e l o c i t y  c o ip o n e n ts  in  x  an d  y  d i r e c t io n s #
Up, r a d i a l  a n d  t r a n s v e r s e  v e l o c i t y  com ponents#
V vo lum e #
X j y  c o - o r d in a te s  i n  p i i y s ic a l  p la n e #
oC I^lacli 4» n jle  ( « s in  % ).
(4)
a n g le  b e tw e e n  r a d iu s  v e c to r  a n d  x  -  a x i s ;  
v/uvo a n g le .
^  r a t i o  o f  s p e c i f i c  h e a ts  ( z ^ p / c ^  )
& . a n g le  o f  d e f l e c t i o n ;
wedge a n g le .
&. a n g le  be tw ee n  v e l o c i t y  an d  x - a x i s .
y d /.  slo%x) o f  a c i i a r a c t e r i s t i c .
P. f lo w  p a ra  le t  o r  ( » ____  )
p .  d e n s i t y .  ‘
é Cp v e l o c i t y  p o t e n t i a l .
\ |A  o t ro a n  f u n c t i o n .
(jJ  v o r t i c i t y .
TA R T I#
tB m V I or COHPHESGIBLE l'LOJ,
(G)
THEORY Qj: CO IPRIRSSIBLE FLOW.
I l l  t i l l s  p a r t ,  a s h o r t  a c c o u n t I s  g iv o n  o f  t h o  n ia th o r . ia t ic a l 
t h e o r y  o f  c o m p ro s s lb lo  f lo w #  In  co i p i l l a g  tlJL s  rosu ia o  o f  the
s u b je c t ,  use  Y/us made o f  r o fo ro n c e s  (a ), ( 3 ) , ------- ( F ) . T lio
c h o ic e  o f  t o p ic s  d e a l t  v / i t h  v/as d i c t a t e d  t o  a la r g o  e x te n t ,  b y  
t i e  r o q u ir e a o n ts  o f  P a r t  I I #  
a s ic  as s g  ap t io n s .
m i l  th o  w o rk  i n  P a r ts  I  and I I ,  u n le s s  o t l ie r w ia o  s ta te d ,  we 
assume t o  b o  based on a f l u i d  w i i ic h  i s
(1 ) c o n t in u o u s ,
(2 ) s te a d y ,
(3 )  I r r o t a t i o n a l ,
(4 )  i n v i o c i d ,
( 5 ) c o i ip ro 3 s i b l o ,
( G ) tY70 -1 1  len s i  o l a l  •
D e r iv a t io n  o f  th e  e q u a t io n  o f  c o a p r o s s ib lo  f lo w #
f l io  m a th e . ia t ic a l  s ta ta iO L it  o f  t h e  c o n d i t io n  o f  c o n t in u i t y  i s
ÏX (p^=‘)
v /lio ro  p  i s  th o  f l u i d  d e n s i t y ,  and uy, a re  th o  v o l o c i t y  
com ponents p a r a l l e l  t o  t l i o  x  a n d  y  axes r e s  p o e t iv o ly #
D i f f o r o n t i a t i n g ,  o q u a t io n  (1 ) b o co  los
+  -----------------
oiv D o r n o u l l i * s  o q u a t io n  f o r  a f l u i d  w i t h  th o  s t a t e d  a s s u  ip t io n s
+  - ^ cL { ul) =  0 ^ -------------------------------------  (3o /.)
(7)
n l io r o  ~p ig  t h o  p ro s s u i*e , a .id  u t l io  v e l o c i t y  o f  thjo f l u i d .  
C o m b in in g  t h i s  w i t h
$ - ■=’ .
u iao ro  c i s  th o  l o c a l  v o l o c i t y  o f  s o u n d , v/o g o t
E l im in a t in g  Q  be tw een  (2 )  and  ( 3 b ) ,
v/ifLch s i . i p l l f i o s  t o  t h o  fo n d a il a i t a l  e q u a t io n  o f  c o a p ro o s ib lo  f lo i v
=  0 , - A ]
Tho i r r o t a t i o n a l  c o n d i t io n  ii ip o o e d  on tn o  f l u i d  
à U.X.   ^ U.ly ~ ,
p e n . i i t s  us t o  in t r o d u c e  a  v o l o c i t y  p o t e n t i a l  CD w here
^  1^.
Thus e q u a t io n  (4 )  la y  be w r i t t e n
T i l ls  fu n d a n e n ta l  o q u a t io n  o f  c o n p r o s s lb lo  f lo w  i s  a n o n - l in o a r ,  
second  o r d e r ,  p a r t i a l  d i f f o r e n t i a l  e q u a t io n #  So f a r ,  o n ly  
a p p ro x im a te  s o lu t io n s  o f  t i i i s  é q u a t io n  iia v o  b o o n  o b ta in e d  i n  
j m r t i c u l a r  c a s c o .
The ( :  , y )  p la n e  i n  c o - ip r e s s ib le  f lo w  p ro b le m s  i s  c a l le d  th e  
p i iy o lc a l  p ia n o #  Jo s l i a l l  now f i n d  t h a t  a c lia n  go o f  in d o p o n d o n t
(8)
v a r ia b le s  f r a i  x  and y  t o  a unci 0", t h o  v e l o c i t y  and  d i r o c t i o n  ol* 
v e l o c i t y ,  w i l l  l i n o a r i s o  th e  f im d o n a i t a l  e q u a tio n #  Tho (u ,  
î i lo n o  i n  c a m p ro c a ib lo  f l a /  p ro b lo rx a  i s  c a l le d  th o  h o d o g ra p h  p ia n o #  
L in e a r is in g  o f  th e  e q u a t io n  o f  c o a io re s s ib lo  f lo w .
Jo ta lc o  0^  t o  b o  th e  a n g le  bo tw oo n  t l i e  d i r o c t i o n  o f  th e  
v o l o c i t y  u and t l io  x - a x i s ;  A c c o r d in g ly ,  s in c e  t h o  f lo w  i s  
c o n t in u o u s ,  c o n s id e r a t io n  o f  n o i{ ÿ ib o u r in g  o tro a m  l i n e s  g iv e s
dxjr =  — pu. sôrh &  d/x. -h pcLc»s &- d/^,
v/I.oi’G W'  l a  th o  a t r o a i i  f u n c t io n  o f  th e  f l o w ,  itls o , s in c o  th o  
n o t io n  i s  i r r o t a t i o n a l ,  c o i s id e r a t io n  o f  n o i^ io o u r in g  p o t e n t i a l  
l i n o s  g iv e s
d ( p  =  u  c c rs  d Æ  -h  UL Sc /71 &
v;ho re  ( j)  i s  th o  v e l o c i t y  p o t e n t i a l  o f  th e  f lo w #  h o w o vo r, ta lk in g  
ij/ a ix i (j) as f u n c t io n s  o f  th e  in d o p o n d o n t v o r ia b lo s ,  u and 0 ,^ wo
l ^ d u  +  j ^ d e - ,
æid
^u. dd '
The l a s t  f o u r  e q u a t io n s  g iv e  
and '  (^}
^  ^ P ^  © " ^ d u .  + ( ^ c o s  &'-(■
-------------------------------------( 7 )
E q u a tio n s  (G) a>id (7 )  o i’ o t i :o  c o n d i t io n s  o f  t r a n s fo r m a t io n  f r a . i
d c L  =
th e  p i iy s ic a l  p ia n o  t o  t l i o  l io d o g ra p h  p ia n o #  fh o y  a ro  d o r iv o d  f ro m  




C o ip a r in g  t h e  e x p re s s io n s  f o r  d x ,  wo o b ta in
h x
dUi -  J(- IÎp
and
E q u a t in g  t h o  v a lu e s  f o r  g  ^  ,  o ro d u c o s  th o  r e s u l t
Ô L L â &  . , /
^  g- ^  ^  M  ^  -  cos a - ^  -  p Si/g 0-
LL dO' p  b &  ()uL LC ( ) ^  ()LC / U /
S im i l a r l y ,  c o m p a rin g  th e  e x p re s s io n s  f o r  d y ,  and e q u a t in g  t h e  ( ^ )
1
v a lu  as o f  > '^o g e t
S u b t r a c t in g  (S ) m u l t i p l i e d  by cos &  f ro m  (9 )  n u l t i p l i o d  b y  s i n (9" >
it follows that .
t  ^  -  L  = 9 .  p o .)
Adding (0 ) multi pi iod by sin ^  to (J) imultipliod by cos ^  , we got
. + — 9
Which nay bo r owrlttm as
p a  I  3(9- 3 a  ^  ^
JO in g iomioulli'o equation u 3a + ^  = 0 , and ^  =  C > wo obtain 
the result
z -  -  M
\7horo th e  l o c a l  !a c h  fu m b e r 1 i s  t l io  r a t i o  o f  th o  l o c a l  v e l o c i t y  u
--------------------------------------------- M
(10)
and th e  lo c a l  speed  o f  sou nd  c# Co m b in a tio n  o f  time l a s t  tw o  
r e s u l t s  lo a d s  t o
îê  “ 0 ------------------ (")
E l im in a t in g  (j) and }j/ i n  t u r n  f ro iu  e q u a t io n s  (1 0 )  a M  ( 1 1 ) ,  i/o  g o t
CClil
7^ 7$^+ ( l ^ à )  ~ °  m
In  e q u a t io n s  (1 2 )  a^id ( 1 3 ) ,  th e  c o e f f i c i e n t s  a r e  f u n c t io n s  o f  t h e  
in d o p o n d o n t v a r ia b lo s  u and 0 ^, and so th o  c o ip r  os s ib lo  f l o w  
o q u a t io n  i n  t l i o  v a r ia b le s  o f  th e  hodo .g raph  p la n e ,  i s  a  l i n e a r  
second o rd e r  p a r t i a l  d i f f o r o n t i a l  o q u a t io n .
do now s o lv e  e q u a t io n  (12) ,  w h e re  th o  s t r o a i  f u n c t i o n  \j/ i s  
th e  d o p o n d o n t v a r ia b le ,  b y  s o p a r a t io n  o f  v a r ia b le s .
S o lu t io n  o f  t h e  co ip r o s s ib lo  f la w  e q u a t io n  i n  tlxo  l io d o ry a o li p ia n o .
E o u a tica i ( 12) may 'me w r i t t e n  as
o
u s in g  17 as an  in d e p e n d e n t v a r ia b le  in s te a d  o f  u w l.o ro  w s u  ,  t"  o 
o q u a t io n  becomes
+  =  0 .
• ow in t o g i ’a t i n ;  e q u a t io n  ( d a ) ,  u s in g  t i i o  a d ia b a t ic  la w  a c o n s t .
t o  c o n n e c t t h e  p re s s u re  and  d e n s i t y ,  o m o u l l i  ' o o q u a t io n  becomes
^  ^  LL^s c o n s t .  s in g  t h e  f u r t i i o r  r e l a t i o n
0 I P X  |0 y
and f o r  c o n v o n io iic e  t a h in g th .o  m a x i l a i  v e l o c i t y  ( a tu a in o d  v;.‘ :on
c a 0 ; as u n i t y ,  : o r n o u l l l * s  e q u a t io n  b o c o ic s — —7 4 - =  h .
0 - 1
(11)
T h is  fo rm  o f  th o  o q o a t io n  im  lo d ia t e l y  (g ives s ^  w h o re
I V"  ^~ '^ur
A  =  —-----  and Q i s  th o  r a t i o  o f  th e  s p e c i f i c  lie  a t  a o f  th o  r ^ s .
' 0 — I
, ' i t h  t i l l s  r i o d i f i c a t i o n ,  th e  co ip r o s s ib lo  f lo w  e q u a t io n  heco les
i f  v/G assum e t h a t  th o  v a r ia b le s  a ro  s o p a ra b lo  i n  th e  s o lu t io n ,  
th o  l a t t e r  ; ia y  b o  w r i t t e n ,  as
ÿ  =  W ^ M ® J e )
v/1 i c h  lo a d s  t o  th e  t m  e q u a t io n s  f o r  u and  @  r e o p o o t iv o ly  
cC-ur L ' J d i j -
and
#  +  0 ,
Whore n .:iay ta k e  a n y  v a lu e .
The e q u a t io n  f o r  ‘J may be s o lv e d  b y  p u t t i n g  / = -n*
T ii is  s u b s t i t u t i o n  g iv e s  an  o q u a t io n  i n  / ,
/O r^ l- 'urj ^  ^  +  (^3 7X +  j -  4- (3 i i f  l )  =  0 .
T h is  i s  a  l iy p o r g o o r io t r ic  d i f f e r  o n t  . lo i  o q u a t io n  w i t h  tw o s o lu t io n s  
P (a ,b ;  2 n 4 - l ,  w ) and v / * * ^ V ( a -2n ,  b - 2n ;  l - 2n , w ) w h o re  a - f  b  # 2n-/3 
and ab » -  n ( 2 n 4 - 1 ) .
/a c c o rd in g ly ,  th o  f u l l  s o l u t i o n  o f  th e  c o m p ro s s ib lo  f lo w  e q u a t io n  
I s  ^ -------------------------( / A r )
Z  I  ' iF F '( û - , b; A + l , 'w )  ' r ( a - A ^ b - 2n ;  l - ^ x , - u j j  W ( < ? a 6  +
i t  ooo.as f a i r l y  c e r t a in  t l : a t  an y  a t t o i p t  a t  an a n a l y t i c a l  s o lu t io n  
o f  c o m p re s s ib le  f lo w  p r o b le  is  w i l l  bo  ba sod  on trJLs s o lu t io n  i n  
t  10 hodo,grap2.i p ia n o ,  due  t o  lo lo n b ro c k  and  C liu p ly g in #  T lio
U2)
d i f f i c u l t i G G  t o  b o  ovorcom e I n  a p p ly in g  th e  h o d o g ra p h  
t r a n s fo r m a t io n  a re  o f  tw o  m a in  t y p o s .
(1 )  Tho o r i g i n a l  p ro b le m  i n  t l io  p i i y s ic a l  p ia n o  lia o  d o f i n i t c  
b o u n d a ry  c c x id i t io n s ,  is â ilc h  a ro  v e r y  d i f f i c u l t  t o  i n t e r p r o t  i n  t l i o  
Im odogra^h p ia n o  f o r  in c o r p o r a t io n  i n  th e  h o d o g ra p h  s o lu t io n #
(2 )  Tho h o d o g ra p h  t r a n s fo r m a t io n  h a s  s i n g u l a r i t i e s ,  v v lilc h  
c a . ip l i c a t e  th e  c o r ro s p o n d o iic o  bo tv/eon th o  j ^ s i c a l  and  hodo^graph 
p la n e  a #
ijo v /c v o r, lO s t o f  th o  m odern r e s e a r c h  on c o m p re s s ib lo  f lo w  
has boon b a sed  on th o  iio d o  g ra p h  t r a n s fo r m a t  io n ,  a n d  th o  th e o r y  
lia s  d o v o lo p o d  r a p id l y  i n  th o  p a s t  fe w  y e a rs .
.c  na v  i n t r o ,  luco  an a id  t o  t h e  s o lu t io n  o f  s u p o rs o n ic  
r r o b lo n s  ( ^ 1 ) i n  th e  p i iy s ic a l  p ia n o .
T lio  c l a r a c t o r l a t l c  c u rv e s  o f  t h o  oo ip r o s s ib lo  f l o w  e q u a t io n  i n  
t l i o  p l i: /Q ic a l p ia n o .
oup'QOGo wo w r i t e  o q u a t io n  ( 5 ;  as
Ô X
Tlie p ro b le m  o f  C auc liy  i s  t o  f i n d  a s o lu t io n  o f  t l i i s  e q u a t io n  ou ch
t l  a t  d ) onà a ro  g iv o n  on a cu i*vo  y  s F (x )#  I f  t l ie  s o lu t io n
/
i s  n o t  æ iiq u o ,  suppose t h e r e  a ro  tw o  s o lu t io n s  u ) a f ( x , y )  and
(j) 2 g ( x , y ) ,  f ro m  w h ic h  i t  f o l l a / s  t l i a t  ^  ^  and  ^  on
th e  c u rv e  y  s  F (x )#  : d f f o r o n t i a t i n g  t l io  fo r m o r  w i t l i  re s 'p o c t  t o  x ,  
+■ 4 /à x à ÿ -  F'(x) =  F'(x), •ind th e  l a t t e r ,
4 / ^ x 3 ^  r ‘ ( x )  =  F'(x )
Tlio 9 G r  OS a l t  G cun be  com binocl i n  t l i o  fo rm
(13)
Hzâ. __ ^ ^
[ r (x ) f  F'(x] I
I n  a d d i t i o n ,  s in c o  f ( x , y )  and g ( x , y ) a ro  s o lu t io n s  o f  t h e  
d i f f o r o n t i a l  e q u a t io n ,
^  ( E - H) ^  (4 - $  - 0 .
C o m b in a tio n  o f  t h o  la  a t  tw o  r  os . I t s  g iv e s
a j r ( x ) f -  SÂF'(x)+ ir =  0 .
as th o  e q u a t io n  s a t i s f i e d  b y  y  % F (% )*
T iius  th o  p i'o b lo m  o f  Cauchy do os n o t  have  a u n iq u e  s o lu t io n  i f
t h o  c u rv e  on w h ic h  d) and a r c  s p e c i f io d  i s  a s o lu t io n  o f
^  pa d y  -  2 h  d y  d x  4- b  d r  a 0.
Such c u rv e s  a re  c a l le d  c h o ra c  t o r i  s t i e s ,  and f o r  t i io  c o a p r o s a ib lo
f lo w  o q u a t io n ,  th e y  lia v e  th e  e q u a t io n
( u ^ ^ - c ^ )  d y ^  -  2 u ^ u ^  d y  d x  4 - (u ^ ^  -  c ^ )  m 0 . ----------— (/sj
I f  yC C is th o  s lo p o  o f  a  c lio ra c  t o r i  Stic, e q u a t io n  (1 5 ) re ives f o r  t h o
two o L a r a c t c r l s t i c s  t l r o u g j i  a p o in t ,
-  1
A  —
Thus c l i a r a c t o r i s t i c s  a re  r e a l  o n ly  i f  I ^ 1 »  Tho s lo p e s  o f  t l ie
two c liu ra c to rio tic G  tlirou .^ i a p o in t, andyCC^are given by
/ x . + y  -  ^ < W .  - - - (lb)
I f  th e  b is e c to r  of tho au.gle contci led by the  c lia rac t o ris  t ic s  :iag 
slopo n , wo lia VO
S yy\^  ____  p x  I 4- ix
I -  I -yU,yUj )
(14)
f r o o  w i i lc l i  i t  f o l l o w s  t l m t
Tliuo t l io  a tro o m  l i n e  b is o c t s  t h e  c lia ra c  t o r i  s t ie s  a t  a p o in t .
I f  oC i s  th o  a n g le  b e tw e e n  t l io  a t  roam  l i n o  and  o i t h o r  o l ia r a c t  e r i s t i c  
a t  a iD O in t,
oL ~  /Co/Kw — oL ,
& l i t t l e  m a n ip u la t io n ,  t n e o r p o r a t in ;  e q u a t io n  ( lx > ) ,  shows t h a t
J  ^  - 1 -
f i l e  a n g le  oZ i s  Im a /n  as t h e  H ach m g j lo . a n d  i s  u s u a l ly  d e f in e d  
by  t l ie  r e l a t i o n ,
ot « i --------  (a )
T lio  p h y s ic a l  s i g i i f i c a n c o  o f  t h e  la c h  a n g le  i s  t l i a t  th e  r e g io n ,
d is tu r b e d  b y  a  p a r t i c l o  m o v in g  a t  s u p e rs o n ic  speed i n  s t i l l  a i r ,
l i e s  in s id e  a  wedge w i t h  a p e x  a t  t h e  p a r t i c l e ,  and s e i i- v /e d g e
O iig le  th o  ia c h  a n g le  oC .  I t  i s  th u s  c le a r  t l i a t  a k n o i/ le d g o  o f
th e  c lia ra c  t o r i  s t ie s  i n  a s u p e rs o n ic  f i e l d  i s  e q u iv a le n t  t o  a
Ic ia v lo d g e  o f  th e  ia c h  Number and th e  d i r e c t i o n  o f  f lo v ;  a t  e v e ry
p o in t  o f  t h o  f i e l d .  The p r o p e r t ie s  o f  th e  c l i a r a c t e r i s t i c  c u rv e s
îia v o  boon u se d  q u i t e  e x t e n s iv e ly  b y  im n y  a u t l io r s  t o  s o lv e
s u p o rs o n ic  p r o b lo ia .  V/e Im vo  d o r iv o d  o n ly  t l i o  so p r o p e r t ie s  w l i ic l i
a ro  uood t o  c o n s t r u c t  t h e  c l ia r a c t  o r i s  t i c  c a rv e s  i n  th o  p ro b le m s
o f  P a r t  IX ,  once th e  la c h  N u nb or and s t r o a r i  l i n o  d i r e c t i o n  lia v e
boon fo u n d  a t  each p o in t  u s in g  r e la x a t i o n  m e th o d s .
C l io r a c t o r is t i c s  i n  t h o  hodo  y a p h  p la n e .
To d e r iv e  th o  c h a r a c t e r i s t i c s  i n  t h e  h o d o g ra p h  p la n e ,  we
(15)
a ,ga in  v n » ito  o q u a t io n  (1 2 )  aa
P ro c o o d in g  as I n  t l io  p i i y s ic a l  p la a o ,  t h o  c l ia r a c t  o r  l o t i e s  i n  t h e  
hodo ;g rap li p la n e  a ro  g iv e n  t y
(1 -  i f )  du® s 0
w h ic h  io  e q u iv a le n t  t o
d & ^  -  [^2 ** d u ^  = 0 , —  — —  — — f iS '}
a t  t i i i s  s ta g e ,  i t  i s  c o a v e a ie n t  t o  d e r iv o  a p o i’t i c u l u r  s o lu t io n  
o f  t l io  p h y s ic a l  p ia n o  c o a p r e s s lb le  f l o v ; . o q u a t io n ,  v / l i ic h  h o ld s  o n l5* 
f o r  s u p e rs o n ic  f l o w ,  and  i s  o f t e n  use d  i n  c o n ju n c t io n  w i t h  t h e  
n ie tlio d  o f  c l ia r a c t  o r i s  t i e s  f o r  f i n d i n g  s o lu t io n s  o f  s u p o rs o n ic  
f lo w  p r o b lo n s .
T lie  P r o n d t l - l o y o r  S o lu t io n .
l ‘k*oa r o fo r o u c o  ( à ) ,  p . 2 4 4 , th o  o o a p r o s s ib lc  f l o w  e q u a t io n s  
o f  n o t io n  i n  th o  p h y s ic a l  p ia n o  i n  p o la r  c o - o r d in a te s  ( r , ^  ) a ro
3 u  ■■ '  ■ "
and
T _j__ è U_T     I èj>
3 T  ^ 3 / 1  nf" ~p~ 3 f
U 3 u .^  , U r U /3  I b p  T '
) r -  +  f  +  “ V -  -  -
w h ore  ( u ^ ,  u ^  ) a re  th o  r a d i a l  and t r a n s v e r s e  v e l o c i t y  com ponen ts  
I f  th o  v e l o c i t y  i s  a f u n c t io n  o f  ^  o n ly ,  th o n
2)11 T
b t "  3 T "  h ' t '
V / ith  th o s e  s i m p l i f i c a t i o n s ,  th e  e q u a t io n s  o f  m o t io n  become
“  0  ------------------------------------------
(lô)
a ilû
I n  a d d i t i o n ,  th o  o q n a t io n  o f  c o n t i n u i t y  i s
+ ^ ( p a , )  -  q
v / I l ic h ,  Y^ion t l i o  v o l o c i t y  i s  a f u n c t io n  o f  3^ o n ly ,  ro d u c o s  t o
p  = 0  — -  — — J
E q u a tio n s  (2 0 )  and  (2L ) co m b in e d  w i t h  t h o  r e l a t i o n s l i i p  — -L Ç^'p.
de-
g iv o
fu/j -  c ^ ) ( u ^  +  --------- —
E q u a tio n  (1 9 )  g iv e s
^  ^  — — -  —  -  —  )
I f  +  U  =  0   ^ I-avG u s in g  o q u a t io n  ( 2 3 ) ,
d ' u *  d U r  , ,
y r
The s o lu t io n  o f  ^  4- c 1 . 3 O i s u . s u  coo  ( 1^ 4-6 ) ,  f ro m  w h ic h
/ )  / j  I
i t  f o l lo w s  ( e q u a t io n [ 23)  ) t lm t  u ^  3 U  sZr\^ (ji^ d)* T l i is  i s  th o  ca so  
o f  u n ifo rm  and p a r a l l e l  f lo w  o f  apood u .  I f  CC^ 3 c  ^ wo lia v o  
P r o Q d t l - le y o r  f lo w  w h ic h  i s  s u p o rs o n ic ,  b o ca u so  
wO now in t r o d u c o  3 o r n o a l l l * s  e q u a t io n
0 ®
îT -  1
w h e re  a r ja in  t h o  m axinum  v o l o c i t y  ( a t t a in o d  when c #» O) 1m s boon 
ta k e n  as u n i t y .
V ; ith  u ^  3 c ,  h e m o u l l l  *s o q u a t io n  bocamoo
^ 1 y  4  I
'  ^  y - 1
E q u a tio n s  (2 3 )  and (2 4 ) pro-Juco th o  r o l a t i o n s l i i p s
4 -  - -  - -  —  --------------------------------------
(17)
d u , r
d/?
T r o i  v / I i lc h  i t  To 110173 t l m t
LX^  ^  1^  — — —  — —  —  — —  ^  )
and '  '
a
/ i\7llOi’ 0 ^  ,
x Z  0 -  I
A  =  y  4. 1 .
T lio  P r a o d t l -  loyor o o la t i o n  i s  fo u n d  t o  b o  a p p l ic a b le  t o  t l io  
p ro b lo ’U o f  o u p o rs o n ic  f lo w  ro u n d  a s l ia rp  c o m o r»
Pi
Figure ( O/ ).
I ' ig u r o  (CL)  i l l u s t r â t  03 t l ie  p r o b l o i .  Tbo i n i t i a l  s u p o rs o n ic
y
opeod J i s  n a ln ta in o d  u n t i l  th o  f l o w  re a c h o s  OB* I f  t h e  
v o lo c i t y  o f  sound  i s  C| i n  t l ie  r o  jL o n  aOBJ t l io  p o s i t io n  o f  03  i s  
g iv o n  b y  s in  z 9 w h ic h  i s  t l i o  c o n d i t io n  f o r  I ^ a n d t l -  lo y o r
Ü
f l a 7* l7o now assu n e  t l m t  tho f l u i d  t u r n s  t l i o  oo ï*n o r i n  t l i e  
v/edgG-sIapod r e g io n  DOG, and t lm t  beyond OC, th o  f lo w  i s  a ic o  m ore  
u n i f o r , !  and  p a r a l l e l *  I f  V i s  t h o  v e lo c i t y  o f  the f l u i d ,  and Cg
t l i o  speed o f  sound i n  t h e  r e g io n  GOD, th o n  th e  p o s i t i o n  o f  OC i s
g iv e n  b y  s i i io ( ^  # . a t  OC, ^  « V oinc>(* a Cg, w h ic h  a g a in  i s
n r
th o  c o n d i t io n  f o r  P r a n d t l -  oyo ir f lo w #  ‘T im s i t  se o ns  re a s o n a b le
(18)
t o  a s a u ie  t h a t  th e  f lo w  in s id e  BOG w i l l  be P r a n d t l -  le y o r  f lo v ; ,  
and c o o s o q a e n t ly  i t  f o l lo v / s  t lm t  th o  v o l o c i t y  a t  a p o in t  i n  t i l l s  
r o g io f i  w i l l  bo  in d o p o n d o n t o f  th o  d is ta n c e  o f  th e  p o in t  f r a i  0#
T lio  p r o b le  1 i s  t o  f i n d  V and ,  v/lion u , oL , and S a re  g iv e n #
Jov/ a t  013, th e  r a d i a l  v o l o c i t y  c a ip o n o n ts  u s in g  e q u a t io n s  (2 4 )  
and  (2 6 ) a ro
m J cos cL a o i l l  A
and
s a ln o (  » A  coo A ^ ,
f r o ; :  v ^ i ic l i  i t  f o l lo w s  t lm t
ta n  Ap), « A  c o t  cL .
Thus 1^  ^ i s  d o t  o r . l in e d  and cons oqu o n t l y  th e  p o s i t i o n  o f  ^  s 0. .%t
00, th e  r a d i a l  v e l o c i t y  c o r ip o n o n ts  a re
u ^  z V cos o(^ a s in
and ^
u ^  a 7 s in  o( « A cos  A 
f r o n  \7 i i ic h  i t  f o l lo w s  t lm t
/Gl/XL A =  A ^  [
-;Oi7 u s in g  th e  c o n n o c t in g  r e l a t i o n s l i i p  b e tw e e n  th e  a n g le s  
( d +  o ( ' )  =  ( p > 3 ~ l ^ i )
uo  g o t
A  c o t ol. * =  A (o (+  S ~ oC. -+ /?»(}
  A  (Cet d + A (<  ^+  /  \
I - A C4ÿtUta^ A(ol-{-S~^ ')
l iq u a t io n  (20) g iv o s  ol I n  t o r  .io o f  S and ol , In a d d i t i o n ,  
u s in g  s o r n o u l l l 'a  o q u a t io n  v ; l t l i  t l io  n a x lu u n  v o l o c i t y  ta lîo n  aa  
u n i t y ,  wo g o t  .
f ro m  v d i ic h  i t  f o l lo w s  t lm t
(19)
E q u a tio n  (2 7 )  g iv e s  V i n  te rm s  o£ oL •
Thus th e  p ro b le m  o f  a n  e x p a n s io n  o f  a su pop s o n ic  f l o w  pound a  
s h a rp  c o r n e r  can b e  s o lv e d  t h o o r o t i c a l l y  f r a u  th e  p i iy s ic a l  p ia n o  
e q u a t io n s *  H o fo p o n ce  (B ) (p p * 1 9 1 -1 9 5 ) shows how th e  P r a n d t l - . le y o r  
s o lu t io n  may bo  u se d  t o  s o lv e  th o  p ro b le m  o f  e x p a n s io n  o f  a 
su p e rso m io  f lo w  ro u n d  a g r a d u a l ly  c u r v in g  b o u n d a ry . C o n s e q u e n tly ,  
t h e  s o lu t io n s  o f  p ro b le m s  in v o l v in g  e x p a n s io n s  o f  a s u p o rs o n ic  
f lo w  I ’ound  a  c o m e r ,  s lrn rp  o r  o th e r w is e ,  Im vo  a t l i o o r o t i c a l  
f o u n d a t io n .  Tho surio  c a n n o t be s a id  o f  s o lu t io n s  o f  p ro b le m s  
in v o lv in g  c o m p re s s io n s  o f  a  s u p e rs o n ic  f l o w .  T lio  c a s e  o f  
co ip r o s s io n  a t  a  o l ia rp  c o m e r  o c c u rs  when 5 ^ 0 .  T lio ro  i s  n o  
t h e o r e t i c a l  s o lu t i o n  t o  su ch  a p r o b la i ,  a l th o u ( ÿ i  i t  w i l l  be  s h o rn  
l a t e r ,  i n  t l i o  s e c t io n  on s l-o ck  w a vo s , t h a t  t l i o  i n t r o d u c t io n  o f  a 
d i s c o n t i n u i t y  i n t o  t h o  f i e l d  p r o v id e s  a s o lu t i o n ,  u s o lu t io n  o f  
t h i s  p ro b le m  i s  a t te m p te d  by  r e la x a t io n  m ethods i n  P ro b le m  I I  o f  
P a r t  I I .  P ro b le  18 i n v o l v in g  c o m p re s s io n  o f  a f l u i d  v / i t h  
s u p o rs o n ic  v o l o c i t y  b y  a c u rv e d  b o u n d a ry  o re  f a r  f r o m  b o in g  
u n d e rs to o d . -An a t te m p t  i s  made a t  th e  s o lu t io n  o f  s u c li a p ro b le m
u s in g  r e la x a t io n  m e th od s  i n  P ro b le m  I I I  o f  'a i’t  I I .
So f a r ,  v/G h a ve  boon c o i io id e r i i i g  c o n t in u o u s  m o t io n  o f  a
CO Ip r o s s ib lo  f l u i d #  V/c nov/ i n v e s t i ^ t e  th e  p o s s i b i l i t y  o f  a
d i s c o n t i n u i t y  i n  t h e  f l o i / .
(20)
I r i f i n l t e  a c c e lo r a t io n o  i i i  t l \ o  p !:xT s lca l p la n e »
i i  d l  a c o n t i n u i t y  w i l l  o c c u r  i n  t h e  p i i y s ic a l  p la n e  a t  a n y
p o in t  w lio re  t h o  a c c o lo r a t io n  i s  i n f i n i t e *  av i f  C i s  t h e
d is ta n c e  a lo n g  a  s t r o a i  l i n o ,  th e  a c c o lo r a t io n  i s  g iv e n  b y
u â ii u w b o re  d ) i s  t i ie  v e l o c i t y  p o t e n t i a l  o f  t h e  i r r o t a t i o n a l
d i ;  i i #  T  A  /  \
f l o w .  C o n s id e r in g  t i i o  v e l o c i t y  p o t e n t i a l  as , v/o m v e
d c P  -  j ^ d u .  +  j ^ d S -
:.Ov7 a lo n g  a  o t r o a i  l i n e ,  » c o n s t . ,  and  so
^  ^  . ^ŸAfy.
J -u b a t lfc u t in s  f o r  v/o ] o t  a lo n r ;  a  a t r o a i  l i i i e
dü ' d 0  J \
v/hGi-o A  =  à(j) j i j r
ad ao" c 3 o / .
O o n s e q u o n tly , th e  a c c e le r a t io n  a lo n g  a s t r o a n  l i n e  i s  g iv e n  b y  
. 1 o r  f i n i t e  v e l o c i t y ,  t l ie  a c c o le i 'a t io n  w i l l  bo
i n f i n i t e  w h e n % 0 *  511 l i n a t i n g  th e  d e r iv a t i v e s  o f  (D  b y  u s in g
e q u a t io n s  (10) and (11) ,  t l i e  c o n d i t io n  becoaos
( l  -  M ' )  ( 1 ^ )  - t -  “ 0 -------------------------------- ( ^ 8 )
7
K q u a t io n  (2G) con o n ly  bo s a t i s f i o d  i f  Ji ^ 1 ,  w h ic h  le a n s  
s u p e rs o n ic  f lo w .  lo c u s  a lo n g  w lJLoh e q u a t io n  (2  ) h o ld s  a t  
e v e ry  p o in t ,  i s  c o l le d  a l i  l i t i n g  l i n o  o f  th e  f lo w  i n  t h e  
p h y s ic a l p ia n o .  I t  i s  t% o lo c u s  ol" p o in t s  w h o re  an i n f i n i t e  
a c c o lo r a t io n  o c c u rs .  ’. s in g  d e r n o u l l i ’ s e q u a t io n  a lo n g  a s t r o a i  
l i n e  , wo see  t ' . a t  an i n f i  i l t e  a c c o lo r a t io n  i i p l i o s
cLt dJi
on i n f i n i t o  p re s s u re  g r a d i a i t .  i d i s c o i t i n u i t y  i n  th o  p re s s u re
(21)
can lo t  a r is G  i n  a f l u i d  jo v o rn o d  b y  o u r  b a s ic  a s s u  m ptions# 
a c c o rd in g ly ,  c o n t in u o u s  io o n t r o p ic  f lo v /  c a n n o t o x ia t  b e yon d  a  
11  l i t i n g  l i n o  I n  t l i e  p i iy s ic a l  p la n e #  I f  i s  t i i e  la c h  ju i ib o r  
on a p a r t i c u l a r  s t r o a n  l i n e  v /iio ro  a .i i n f i i i i t o  a c c e le r a t io n  o c c u rs ,  
i t s  v a lu e  i s  o b t a i io d  f r o  i  o q u a t io n  (2ci)#
I t  i s  riOij shovjii t l i a t  a t  a p o in t  l i  t l io  lio d o g ra p h  p ia n o ,  
c o r  ro c : 01x1 i n  j  t o  a n  i a f l  l i t o  a c c o lo r a t io n  i n  t h o  p i iy s ic a l  p ia n o ,  
th o  o t r o a i  l i n e  t l r o u g i i  th e  p o i : i t  i s  ta n g o  i t  l a  1 t o  a 
c h a ra c t  e r i  o t i c .
F I q u re  ( b  ).
. ig o i 'o  ( b  ) l l l u G t r a t o s  t l i o  l io d o g ra p ii p la n e #  AC i s  an o lo  lo n t
o f  a  s t r c a i i  l i n o  i n  t l i o  h o d o g ra p h  p ia n o #  aB i s  th o  ta n g e n t  t o
th o  c i r c l e  a s c o n s t#  daC = i s  t h e  a ig lo  b o tv /e m  t h e  ta^ngont
t o  t h e  c i r c l e  t l i r o a ^ i  h  and th o  ta n g o n t  t o  t l i o  s t r o a i  l i n o
t l  r o a ^ i  n# i r o u i  t h e  f i g u r e ,  ta n  &  =  , b u t  a lo n g  a s t r e a n
u d &
l i n e  \j/(uy 2 c o n s t  # , r/o îu iv o  ^ J U x . 0 ,
' <) u. ^ ^
W x'ich i t  f o l i o j s  t lm t  . ,
j_ d V
t/Xyn. &  =  —  — ------------   (^9 .)
()CL
C o n b ic in  ; e q u a t io n s  (2 8 ) a x l ( 2 0 ) ,  th e  re s  i l t  i s  o b ta in e d
XjOi/yJ^  &  =  — j — — -------------------------------   -  -  -  (30.)
n - i  ^
( 2 2 )
ovs oqaufc.lon (1 0 ) g iv e s  th e  c L a i^ a o te p is t le s  i n  t h o  lio d o g ra p h  
p ia n o ,  f ro m  w h ic h  i t  f o l i o  v/o t - i a t
^  I
n * - /  .
I f  oC. i s  t l i o  a n g le  h o tv /o o n  th o  ta n g e n t  t o  t h e  c i r c l e  u « c o n s t*  
and th e  ta n g e n t  t o  a c r a r a c t o r i s t i c  t l . r o u g h  th e  p o in t ,  th e n  v/o
liu v o
tyxyri oL =   ^ -- -----------
jC q u a tio iis  (5 0 )  and  (3 1 )  show t i j i t  ^  and  a re  th o  s a io  a n g le ,  
and so t r o  r e s u l t  f o l lo w s *  fh o  lo c u s  i n  t h o  h o d o g ra p li p la n e  
c o r r e s p a id in g  t o  t i ie  U n i t i n g  l i n o  in  t h e  p h y s ic a l  p ia n o  i s  
c a l lo d  th o  l i a i t  lio d o  y a p h *  E q u a t io n  (2B ) i s  th o  o q u a t io n  o f  
t l j o  l l . x i t  hodo r^raph* V/o Im ve  t l iu s  p ro v e d  t l u i t  a t  a n y  p o in t  on th e  
U n i t  h o d o ;y a p li#  th e  s t r e a i  l i n o  i s  t a n g e n t ia l  to  a c h a ra c t  o r i s  t i c . 
E q u a t io n  (3 1 )  i s  a ls o  c o n s is te n t  v r i th  s in o C  s i ,  i r o n  w h ic h  i t  
f o l lo w s  t i i u t ,  i n  t h o  h o d o f;ra p h  p la n e ,  a t  o v o ry  p o in t ,  th o  ta n g e n t 
t o  t h e  c i r c l o  u 3 c o n s t*  th ro u g h  th e  p o in t  b is o c t s  t l io  
c h a r a c t o r i s t i e s *  Tho a n g le  be tw ee n  t h i s  ta n g e n t  and o i t i i e r  
c h a r a c t e r i s t i c  i s  a g a in  t h o  la c h  ^m g le  oL •
now s o t  o u t  t o  show t h a t  i n  th o  p h y s ic a l  p ia n o ,  t l ie  
U n i t i n g  l l :n e  i s  th o  o n ve lo x io  o f  one o f  t3 ie  f a a i l i o s  o f  
c h o i’u c t  o r i  s t ie s *  Tho c h a r a c t  o r  i s  t i c s  i n  t h e  j^ iy s ic u i l  p ia n o  a r e  
g iv e n  b y  o q u a t io n  ( 1 6 ) ,  w h ic h  n a y  b e  v / r i t t o n  i n  t h o  f o r a
( U x  cOu -  =  c ^ ( c L o c ^ + cLa^ ^ ) -------------------------(dz)
s in g  o q u a t io i is  ( G) ,  ( 7 ) ,  (1 0 )  and ( 1 1 ) ,  we g e t
oLa +  (JLal
( 2 3 )
m id
;
w hero  u ^  5 u cos O' and a a s in  O' • T îius o q u a t io n  (3 2 )  
beconos a f t  o r  a l i t ü l e  iin  i p a i a t i o n ,
x u ^ ] [ ( j ÿ )  -  ( p  -   (33.)
E q u a t io n  (3 3 ) i s  t h e  e q u a t io n  o f  th o  c u rv e s  i n  t l i o  h o d o g ra p h  
p ia n o  \7 . i ic l i  c o r ro s p o ix l t o  t h o  c l a r a c  t o r i  s t ie s  i n  t h o  pîmysicaL 
p la n e *  :ow o q u a t io n  (21 ) w l l ic h  i s  th e  e q u a t io n  o f  t l io  l i a i t  
hodo r ;ra p h  ;u iy  b o  w r i t  to n  i n  th o  f o r i
(fër) ~ o . - - - - - - - - - - - - - - - - - - - - - - - - M
E q u a tio iL o  (3 3 )  an d  (3 4 ) sliov; t h a t  t h o  U n i t i n g  l i n o  i s  a 
c i la i ^ a c t e r i s t i c  i n  t h e  p i iy s ic a l  p la n e  f o r  o v o ry  p o in t  on th e  
l i n i t i n g  l i n o *  Thus th o  l i  n i t  i n  g l i n o  i s  th o  e iiv o lo p o  o f  one of  
t l . o  f a m i l i e s  o f  c lia i * a c t e r i s t i c s  i n  th e  p i iy s ic a l  p ia n o . In  
a d d i t i o n ,  a t  p o in t s  i i  t l ie  h o d o g ra p h  p ia n o  n o t  on t h o  1 1 .l i t  
hodo g ra p h .
and so a t  s u c h  p o in t s ,  e q u a t io n  (3 3 )  boco lo s
d a '  =  0 .
Tl'uis I s  o q u a t io n  ( I B ) ,  th e  o q u a t io n  o f  th o  c l la r u c t  o r i s  t i c s  i n  t h e  
h o d o g ra T il p ia n o *  he c & i t l ie r o f o r o  say t h a t  a t  p o in ts  n o t  on t h e  
l i m i t i n g  11:10, a  c l u r a c t o r i s t l c  o f  t h e  p i iy s ic a l  p ia n o  t r a - v s fo r n j  
I n t o  a c l i a r a c t o r i s t i c  o f  th o  hodog i*aph  p ia n o *
On th o  o t l i o r  h a n d , a t  p o in ts  on th o  l i u i t  hodogra%)h, o q u a t io n
(24)
134) h o ld s ,  and oo o q ia t io n  (3 3 ) n e o d  n o t  re d a c o  t o  o q u a t io n  ( 1 8 ) .  
llmas a t  p o in ts  on t h e  U n i t i n g  l i n e ,  a  c i ia r a c t o r is  t i c  o f  th e  
p h y s ic a l  p ia n o  neocl n o t  t r a n s f o m  i n t o  a c l i a r a c t e r i s t i o  o f  th o  
iiodo g ra p h  p lu .no* i r o  i  v/ i d i  i t  f o l lo w s  t h a t  t î ie  l i m i t  hodo  g ra p h  
nood n o t  bo  a c ln r a c t  o r is  t i c  o f  t ’ lo h o d o g ra p li p ia n o *
T h e00 c o n s id e r a t io n s  h a ve  a l l  a r is e n  f r o m  t h e  p o s s i b i l i t y  
o f  a d i s c o n t i n u i t y  i n  th e  fo rm  o f  an i n f i n i t e  a c c o lo r a t io n  I n  th o  
p h y s ic a l  p ia n o *  T lio  lo c u s  o f  p o in t s  o f  i n f i n i t o  a c c e le r a t io n ,  
v /M c h  i s  a ls o  th o  e n v e lo p e  o f  ono o f  time f a m i l io s  o f  
c h f ir a c t  o r i  s t ie s ,  i s  c a l lo d  th o  l i m i t i n g  l i i o ,  and  i t  ca.a o n ly  
o c c u r i n  a s u p e rs o n ic  r e g io n *  T i l ls  t y p o  o f  d i s c o n t in u i t y  i s  an 
in h o i^ e n t f e a tu r e  o f  a p a r t i c u l a r  f l o w ,  and m arks  t l io  t o r . i i n a t l o n  
o f  c o n t in u o u s  is e n t r o p ic  f lo w *
iVo nav c o n s id e r  t l ie  p o s s i b i l i t y  o f  a  f i n i t e  d i s c o n t i n u i t y  
i n  a f l o w  w i i ic h  s a t i s f i e s  th e  b a s ic  o q u a t io n s  o f  m o t io n *  T l i i s  
ty p o  o f  d i s c o n t i n u i t y  i s  knovn  as a  s h o c k  w a ve , and i t s  p r o p e r t ie s  
w i l l  be in v o o t ig a to d  i n  t h o  f o l l o w in g  s e c t io n *
T lie n o r  la l  s h o c k  w ave*
Wc s h a l l  c o n s id e r  th e  d i s c o n t i n u i t y  to  b e  i n i t i a l l y  a t ;  r i ^ n t  
a n g le s  t o  a u n i fo r m  p a r a l l e l  f l o w .
\ USHOCK.
a , ^ r
? "* / f '
1 / ^  1
©
i t  th o  s h o c k , Y/I I c h  i s  a 8sumod t o  b e  i n f i n i t e l y  t h i n ,  th e  
v e l o c i t y ,  d o n .o lty  and  p re s s u re  c lia n g e  in s to n ta in o o u s ly  f r o n  u ^ ,  ^
(25)
a iid  p , ,  fco I ’o s p o c t iv o ly .  Mo f l u i d  I s  ci*oafced o r
d o s t r o y a l  a t  t h o  shovnk, and so
---------------------------------- (34-)'P ' uI — I
Mov/'ooi'i’ o soco n tl lu v ; o f  n o t lo a  t o  c o a d l t lo u o  on th o  turo
U., -
-------------------(35'.)
3I d 00 o f  t l . o  s h o c l:,  we g o t
P i  — P i  pz'^z  "
F i n a l l y ,  s in c o  no o n o rg y  lo  l o s t  a t  t l i o  s h o c k , h o m o u l l i ’ s 
c o n s ta n t  ta lce s  th o  nar.xm v a lu e  on b o th  s id o a  o f  th e  d i s c o n t i n u i t y .
and oo
+ _ L u . ' _  J L £ i
1 jOi Z  ^ 'S'-1
E q u a tio n s  ( 3 4 ; ,  (3 6 )  and  (3 6 ) a ro  time m a t no m t lo a l  o ta to in o n ts  o f  
c o n d i t io n s  on th o  tw o  s id e s  o f  a n o n a l  s h o c k .
S i i p l o  m a i lT ju lu t io n  o f  t h e  above o q u a t io n s ,  g iv e s  t h e  r e s u l t
^1  ^2  -  ^1  “  ^2  = ^ ( ^ 1  % )
,/) , -  pz  " ^ T T
ow f r o  .1 e q u a t io n s  (3 4 )  and (3 7 )  i n  t u n ,  ^
. t
,3la g  c .
= ^ ’
4 -  - ^ p i -
t h i s  i . i i o d l a t e l y  le a d s  to
a, 2  ^+1 Vz I y~ I
c T )  -  M ,  -  - j Y t  +  a r
z z




Pz  5  y
.Jow e q u a t io n  ( 3 3 ) ,  d e d u c t in g  u n i t y  frcxn  e a c h  s id e ,  beco iioo
n ^ - 1
i ± i
S ir p ,
and 3 0 i f  Pg )> t h o  f le w  b e fo r e  tl^o  s iio c k  i s  s u p e r  s o n ic
(20)
r î a i l a i »  t r o a t / ie n t  o f  o q u a t io n  (3 9 )  shows t h a t  I f  ^  p^# t l:o
f lo w  a f t e r  t h e  sh o ck  i s  s u b s o n ic ,  . r a n  e q u a t io n s  (3 4 ) and ( 3 5 ) ,
UG also got tliat " P% = " iig)f from v/iiicli it follows
t l i a t  u ^  ^  Ug, i f  pg ^  p^# n o tu r n in g  t o  u o m o u l l i  *s o q u a t io n ,
vhe p resG u i’ o and  d e n s i t y  a re  o l i  a in a to d  b y  u s in g  t h e  p e r f o c t  gas
la w  T> -  RT, w lo r o  T i s  t h o  a b s o lu to  t o ip o r a t u r o  o f  t l i o  gas and  
P
i i s  a c o n s ta n t .  I n t r o d u c in g  Cp, th o  a p o c i f i c  h e a t  o f  t l i o  gas a t  
c o n s ta n t  p ro  so w o ,  and c ^ ,  th o  s p o c i f i c  W a t  a t  c o n s ta n t  v o lu m e , 
w iio ro  : 3 Cp ~ c ^ ,  a W  ^  a C j^ c ^ ,  e q u a t io n  (3 0 ) bocomoo 
5 ( u i^  -  U g^) 3 0p (T g  -  '  I t  f o l lo w s  f ro m  t l i i s ,  t i i a t  Tg )>
i f  u ^  ^  u^» -OV7 f r a n  th o  second la w  o f  t l i o r  lo d y n a i ic s ,  a i y
e n tro p y  o îiango a t  th o  s h o c k  u s t  b o  m  in o ro a s o ,  and so 
’o c h a n lc a l  e 'i« g y  m ust bo  c o n v o r to d  i n t o  W a t  e n e rg y  a t  th o  sJiock 
w ave . a c c o rd in g ly  Tg ^  f ro m  t h o  abovo  r o a s o n ln g ,
)> Ug, p^ )> p^, ^  1 , a id  ig  <C '-/Q liavo thus shown th a t
tho f lo w  is  ahvays supersceilc bo fo ro , and subsonic a f t e r ,  a 
uoihial shock.
T h is  o n o -c lh - io n s io x ia l f lo w  w i t l i  a d i s c o n t i n u i t y  o s e n t i s  
ÛOW o x te n d e d  t o  t l io  c a s e  o f  a s h o c k w a v e  o b l iq u e  t o  th o  I n i t i a l  
f lo w  d i r e c t i o n .
The o b l iq u e  sh o c k  wave#
Shock
127)
C o n s id e r  a o u p o rs o n ic  p a r a l l e l  s tre a m  o f  u n ifo rm  v e l o c i t y  
and an o b l iq u e  d i s c o n t i n u i t y  i n c l i n e d  a t  an a n g le  t o  t l i o  
f r e e  s t r e a i  d i r e c t io n *  Suppose t l ie  d i s c o n t i n u i t y  tu r n s  th e  
s t r o a i  t l i r o u g l i  an a n g le  S • f l io  p ro b le m  i s  th e n  e q u iv a le n t  to  
f l a ;  p a s t  a n  i n f i n i t e  so li-v /o d g c  o f  a n g le  S • l o  th e  u n ifo rm  
v e l o c i t y  d o w n s tre a m  o f  th e  ahoc l:* lo s o lv in g  and Ug p a r a l l e l  
and p o r p e n d ic u la r  t o  th e  s h o c k , wo g e t r o s p c c t i v o l y
U ( GCrS CxrS ( P  — S ) ^ ------------------      (40 .)
a n d , u s in g  e q u a t io n  (3 4 )  o f  n o rm a l s h o c k  wave th e o r y ,
U , S v a ,  [i =  S i d x ( / 5 ~ S ) -----------------------------  )
av o q u a t io n  (3 8 ) v / l t h  s in  ^  I 'o p la c ln g  u ^ ,  g iv o a
u. y-n + ïz l
e, / ay p, a^,
and f ro m  o q u a t io n  ( 3 7 ) ,
Bi _  h+i)PVp, -(y-i) 
P i  { ^ + 0  ~  ( ^ ~ 0  F V p ,
E l l  l i n a t i o n  o f  pg and be tw ee n  time l a s t  t l i r o o  o q u u t lo n s  ^ÿLvoa
M , ' "
■ o d l f ic u t io n  o f  th o  r i . ^ i t - im n d  s id e  o f  e q u a t io n  (4 2 ) p ro d u co a  t l jo  
r e s u l t
:!a7, , io  ^  0 , and s in  A  and coo . [ ) - $ )  Oi‘o p o o i t i v o ,  f r o a  v j l i ic h  
i t  f o l lo w s  t h a t
I ^  s trv  -  S) ^  y  s O t 8 .
If y  s 1,4, tlie value for air, the oo û-noflgo anj^ Lo luot lie in 
tl_G approxlnato ran3 0  ■; 4  45°. fho llnito for in
oaporoonic flw/ arc -, = 1 and M-j_ = oO . iWaen . co,
a 0 , and 30 f ro m  o q u a t io n  ( 4 3 ) ,  v/o g o t
(3 =  ^  S i/T L  ' ( y S ld X  s ) ----------------------------
For 0 /C  S 4 5 ^ , o q u a t io n  (4 4 )  g iv e s  tw o  v a lu e s  o f  [S f o r
w h ic h  s O O , and so  i t  aoois l ü r o l y  t h a t  v / i t l i i n  t h e  ra n g o  o f
t l i o r o  i s  a i i in im u a  v a lu e  o f  f o r  a g iv o i i  5  • To f in d  th o
v a lu o  o f  (5 w h ic h  nalcos a , u L iin ia u m , wo s o lv e  — s 0 ,
d /3
u s in g  e q u a t io n  ( 4 2 ) .  Time s o lu t io n  i s
Sf/TL 5 / 3  G(ZS (p> — S) ^  ^  SmI/ 5  5 ------------ (^5 .)
a ta b le  o f  v a lu e s  i s  now c o m p ile d ,  w lio ro  |3, and  a re  t l i o  t iv o  
v a lu e s  o f  /3 f o r  w h ic h  s oO f ro m  o q u a t io n  ( 4 4 ) ,  i s  th o  
v a lu o  o f  f o i '  v j l i ic h  a im in i lum f r o n  o q u a t io n  ( 4 5 ) ,  and
in  th o  i i ln ia u m  v a lu o  o f  c o r ro s p o n d ia g  t o  frorm  o q u a t io n  ( 4 2 ) .
oL 0 ° 5 ° 1 5 ° 3 0 ° 4 0 ° 4 5 °
A. 0 ° G° 1 3 ° 37& ° 52-&° G7&°
— 8 9 ° 8 7 ° B 8à° 7 7 ° G7&°
Am 00° 7 1 ° G5&° G4&° G6° S 7 i°
M m 1 .0 0 1 .2 4 1.G 2 2.5G 4.G 4 oO
T lie r e s u l t s  o f  th e  t a b le  a re  l l l u s t r a t o d  i n  f i g u r e s  (a )  and (B )#
I f  ^  <C 4 5 ^ , o r  i f  t l io  c o - o r d in a te s  ( Sj  <îj^ ) f o r  0 6  4 5 ^  l i e
b o lo w  th e  c u rv e  i n  f i g u r e  ( A ) ,  t l io  s h o c k  v/ave c a n n o t be a t ta c h e d  
t o  t h e  v/odg© lo a d in g  o d g e . I n  f i g u r e  ( B ) ,  f o r  each  an^ÿLo S 
(0  ^  4 5 ^ ) ,  v/o g o t a t  a n y  1%, tvjo v a lu e s  o f  th o  s lio c lr
wave a n g le  • E x p c r ia o n ta l  e v id e n c e  shov7s o n ly  t l io  s m a ll o r  
v a lu o  o f  /3 each  c a so *
F ig u r e  (G) i s  ta k e n  f ro m  r e f e r  unco ( B ) ,  and io  a v e ry  com pact
(29)
c o l le c t i o n  o f  the  c o n d i t io n s  on tw o  s id e s  o f  an  o b l iq u e  a îio ck  
wav©# I t  © rlD o d los  a l l  t h e  r e s u l t s  d e r iv e d  a b o ve  f o r  t h e  nommai 
and o b l iq u e  s lio o k .
I t  w o u ld  th u s  a p p e a l',  f r o m  t h o  f o r e g o in g  s iio c k  w ave  a n a ly s is ,  
t i i a t  a m p o ro o n lc  s tre a m  can cha n g e  i t s  rmiad a t  any in s t a n t  as  t o  
i t s  p r o p e r t ie s #  T lio  p re s s u re ,  d e n s i t y  and l o c a l  la ch  Jurr&jor ca n  
s u d d e n ly  a l t  o r  a c c o r d in g  to  t h e  r e l a t i o n s  on tw o  s id e s  o f  a 
d is c o n t in u i t y #  C o n s e q u e n tly ,  i n  t h e  n o t io n  o f  a s te a d y ,  
c o m p re s s ib le ,  i r r o t a t i o n a l  f l u i d ,  a sh o c k  w ave i s  an added 
d is c o n t  i n u i t y  #
IÎO a t te m p t  has b o o n  i.iade i n  t i l l s  p a r t  t o  g iv e  a  f u l l  a c c o u n t 
o f  c o r . ip re s s ib lo  f lo w  theoz*y# V / ith  th e  e x c e p t io n  o f  th e  
d is c u s s io n  o f  c o n d i t io n s  i n  t l i e  h o d o g ra p h  p la n e ,  we ha ve  
c o n c e n tra te d  on t l io s e  a s p e c ts  o f  t l ie  t h e o r y ,  w h ic h  fo rm  th e  b a s is  
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■niBORY OP U E L tX itJ IO ii TEC iu;m U E.
K o la x a t io n  m ethods i n  tuo d im e n s io n s  w e re  d o v o lo p o d  b y  
P ro fe s s o r  R .V . S o u th x v o ll i n  r  o f  o r  one os (1 )  an d  ( 2 ) ,  i n  o r d e r  t o  
s o lv e  c e r t a in  p a r t i a l  d i f f e r e n t i a l  o q u a t io n s  v îâ iic li a r i s e  i n  
many b ra n c h e s  o f  on^^^ inoe ring  and  p h y s ic s *  I n  w lm t now f o l l o w s ,  
an a t te m p t  i s  made t o  o u t l i n e  th e  R e la x a t io n  T o c lin iq u e  as used  
t o  s o lv e  th e  n o n - l in e a r  p a r t i a l  d i f f e r e n t i a l  o q u a t io n ,  v /M c h  
a r is e s  I n  prob].em o o f  c o m p re s s ib le  f l o w # A d ju s tm o z its  a r c  nade 
t o  th e  e x i s t i n g  th e o r y  t o  o n a b lo  t  ir o e  x ^ a r t ic u la r  p ro b le m s  t o  
b o  so lvo d #
la th o  l a t l c a l  a ta to . ie n t  o f  th o  c o a p ro s s ^ b le  £ l m  p ro b le m *  
l o r  tv/o d im e n s io n a l n o t io n  assuuned t o  bo  c o n t in u o u s ,  
s te a d y ,  i r r o t a t i o n a l  and  c o m p re s s ib le ,  th e  o q u a t io n  o f  c o n t in u i t y  
f ro m  o q u a t io n  ( /  ) P a r t  I  i s
w h e re  p  i s  th o  f l u i d  d e n s i t y ,  u ^  and a re  th e  c a r to o ia n
v e lo c i t y  c o iip o n c n ts *
' f i l l s  e q u a t io n  p e rm its  t l ie  I n t r o d u c t io n  o f  th o  s tre a m  
f u n c t io n  i j r  ,  w h o re
„  -  X  .  X  I t
“■X -  p  -  p  i x  .
^ lo o  s in c e  th e  m o tio n  i s  I r r o t a t i o i a l ,
b l i x  — _ ^ u
(3 ^  <) X
(3ô)
S u b s t i t u t in g  f o r  u ^  a n d  Uy i n  t l i i s  c o n d i t io n  f o r  i r r o t a t i o n a l  
n o t io n ,  V70 iia v e
I n t r o d u c in g  ^  ,  w h o ro  p •  ,  t l i i s  l a s t  e q u a t io n  n a y  be
v / r i t t o n
-f-
A l i t t l o  n o u ip u la t io n  now sliov/s t l i a t  t î i i s  r e l a t i c x i  la y  be 
o x o ro s s o d  i n  th e  forrm
( X ^  /K  — 0 . ---------------------  ( i j
I t  m ust be  reme ib e ro d ,  h o v /e ve r, t h a t  i n  e q u a t io n  ( l ) ,  ^  i s  
n o t  c o n s ta n t*  W ith  a v io w  t o  d is c o v e r in g  th e  con ;m ee ting  
r e l a t i o n  be tw een  ^  and ]j/~ ,  we now s tu d y  B e r n o u l l i  *s o q u a t io n  
17]l i e h ,  i n  th o  caso  o f  c o m p re s s ib le  f i a / ,  n a y  be  w r i t t e n
e '  +  =  e / ,
w h e re  u Ij/ th e  v e l o c i t y  o f  f l u i d  w i t h  com ponen ts  u ^  and U y, G 
i s  th o  l o c a l  speed o f  so u n d , i s  l o c a l  speed o f  sound  when 
u •  0 , and ^  i s  th o  r a t i o  o f  th o  s p e c i f i c  h o u ts *
AS i s  w e l l  know n , th e  lo c a l  speed o f  sound C i s  f^ lvon  b y
e '  “
p and jO b e in g  th e  p re s s u re  an d  d e n s i t y ,  and the a d ia l^ a t ic  
r e l a t i o n  be tw ee n  p re s s u re  and d e n s i t y  i s  g iv c r i by
=  ôc9n\/iÿt(xyy\^  =  T^^y-
p '  p ‘ ,
(37)
t l iG  s u f f i x  z o ro  I n d i c a t i n g  c o n d i t io n s  when u # 0* A c c o r d in g ly ,  
o n o u l I i * s  e q u a t io n  n a y  be w r i t t e n
_  _j. r, c b  _  "R/o ^
S in c e ,  h o w e v e r.
WO f i n d  th e  r e q u i r e d  r e l a t i o n ,  n a m e ly
 (z)
E q u a tio n s  ( l )  and (2 )  a re  th e  L ia t h e ia t i c a l  e q u a t io n s  g o v e rn in g  
th e  f lo w  o f  a  tw o d i ie m s io n a l  c o m p re s s ib le  f l u i d #
I n t r o d u c t io n  o f  n o n - d ia o n s io n a l q u a n t i t ie s #
i*o ca so  th o  c a l c u l i  t io n s  made a t  a  l a t e r  s ta g e ,  i t  i s  
d e s i r a b le  t o  in t r o d u c e  n o n -d im e - is io n a l q u a n t i t i e s  a t  th e  o u ts e t#
“  ■ & ,
w h e re  G i s  th o  mass f lo w  p e r  second  u n d o r  f r o o  s tre a m  c o n d i t io n s ,  
a id
x '  s I  .  y '  -  5
w h e re  h  i s  some s l g n i f l e a n t  l i n e a r  d im e n s io n  i n  t l io  p a r t i c u J t i r  
p ro b lo T i,  0#g# c l ia n n e l w id th  i n  f lo w  t i r o u g l i  a  c l ia n n o l,  th e n  
e q u a t io n  (1 )  becomes
v'^ ii'r) - Y V \ r )  =
v/liorc \7' ^  - j-- 11.
(38)





* 1 $ '
Jo olmll refer to y us tho flay oora-.iotor» It iius a different 
nooning from tho flov/ poraiotor jLL used by Soutlayoll*
For convenience, dron%)ing the dash notation, tho 
fiindaoiental raathenatical oquations arc
^ “  0 --------------------------------( 3.)
a_iwd
It iiuat bo re lo iborod in tho following work, tliat non» 
dlnenoional quantities are being dealt \/ith, although tho dash 
is o lit tod#
Equation (3) is a non-linear eartial differential 
oquation, since it. involves X  v/Idch lo a function of tho 
do:)ondent variable ^  and its dorivativoo. Tlio quantity X  
is given by equation (4)$ Little progress Ims been oado in 
solving equations (3) and (4) analytically, and in what 
follows, t. cy are replaced by finite difference api^ oxlniutions,
(39)
a iie n a b lo  t o  s o lu t io n  b y  r e la x a t io n  . le t l io d s .
F i n i t  Q d i f f o r e n c o  a p p ro x in ia t io n s  o f  th e  f u n d ^ ie n t a l  é q u a t io n s  # 
wO c o n a id o r  th e  f i o l d  w i t l i i n  w l i ic h  e q u a t io n s  (3 )  and  (4 )  
o ro  s a t ia x ie d ,  t o  be c o v e re d  b y  a  o e tw o rk  o f  i d e n t i c a l  
* c o l la p s e d ' hexagons^ o f  th o  s lia p e  i l l u s t r a t e d  i n  f i g u r e  ( C  ) •
/|\
O-^ O)
Dy v a r y in g  Qf  ,  th e  s lia p o  o f  th e  lio x a g o n  can  bo v a r ie d  t o  s u i t  
th e  p a r t i c u l a r  p ro b lem #  F low  p a s t  wedges^ f o r  exam p le^ can  
be oxam ined b y  s u i t a b le  a d ju s tm e n t o f  th e  hexagon  a n g le  Qf" , 
w ith o u t  1 la v in g  re c o u rs e  t o  w iia t  S o u th w e ll c a l l s ,  i n ’ o g u la r  
s t a r s *  Tho nodes o f  th e  lio xa g o n  a re  0 , 1 , 2, 3 ,  4 , 5 and  G* 
F ig u r e  (5 ) i l l u s t r a t e s  how a n e tw o rk  o f  r e g u la r  hexagons  
( 0^5 6 0 ^ ) c o v o rs  a  f i e l d  o f  f lo w  p a s t  a s y m m e tr ic a l d o u b le  
wedge o f  a n g le  GO® f a c in g  s tre a m #  The wedge f i t s  e x a c t ly  i n t o  
th e  n e tw o rk ,  a n d  le a v e s  no  i r r e g u l a r  s ta r s *
u s in g  T a y lo r 's  T lio o ro ^ i i n  t h e  case  o f  a  g e n e ra l 'c o l la p s o d '  
lie xa g o n  as shov/n i n  f i g u r e  { C  ) ,  v/o can expand th e  v a lu e  o f  
a  f u n c t io n  f  a t  th o  s o v o r a l  nodes as f o l l o v / s : -
(40)
i  ^  f j x x - + -
+ j r  {xxx 4- + ^ l x n + j r  - - -
îx. ^  1  ~ 4- ix^ +  &
- f r i x . x  4- & ^ f x K ^ - ^ ^ x ; , y 4 - ^ ^ y y ^ 4 -
in- =  jo -  j x  -  b f  %- (*x 4- &b 4
_ ^ l  g.'^b £  _  & À V  - — /  f ----------
3! 1/xxx ^ r x x ^  2 Fxy^ 3! U'j'j'j
i s  =  { o  • + 4 -
, a j  y  _  A l À ^  , A _ b^  /  - - ^ Z  + --------------
31 txxK 2 fxx^ 2 fxy^ 31 F^yy
SiiT im lng th o s e  e q u a t io n s ,  v/e o b ta in
i,  ^ii+ is == ^  _|_ a'^ ifxx + -I--------
4" 2
In  th e  saae w a y ,
f(, = jo -+- 3^-CX^ ixx +- HxxK -> ^
j a  =  ( o  -  - ^ ^ / x  ~  i r ( - K X K + - -----------------------
w hence
g
L & o c o rd ln g ly , n o j l o c t i n g  t o n s  o f  t h e  f o u r t h  o r d e r  and  l i ig ^ ie r .
- t fe  +  i l ± ^ z l k ( ±  - X j  .  j f „ -  V ' f
(41)
U s in g  t i l l s  l a s t  e q u a t io n ,  f i r s t  w i t h  f and th o z i w i t h
f  2 ^  ,  and  s u b s t i t u t i n g  i n  o q u a t io n  ( 3 ) ,  wo have
2  W  b  /  / \  /
w i l l  o h  i s  th o  a p p ro x im a te  f i n i t e  d i f f e r e n c e  e q u a t io n  
c o r re s p o n d in g  t o  e q u a t io n  (3 )#
S im i l a r l y ,  c h o o s in g  f  % f  -  ^  ,  we f i n d  t l i a t
+ i v w - r v ' t
S u b s t i t u t in g  i n  o q u a t io n  ( 4 ) ,  v/o o b ta in
4 -   (Cs.)
w h ic h  i o  t l i e  a p p ro x iiT ia tG f i n i t e  d i f f e r e n c e  o q u a t io n  
c o r r  G s p e n d in g  t o  o q u a t io n  ( 4 ) . .  Co e q u a t io n s  (5 )  and (6 )  a re  
t h e  f i n i t e  d i f f e r  once a p p ro x lm a t io  is  o f  e q u a t io n s  (3 )  a id  (4 )  
f o r  th o  'c o l la p s o d *  h e x a g o n a l n o tv /o rk  i l l u s t r a t e d  i n  f i g u r e  
( d  ) # T lio y  a re  th o  g e n e ra l f i n i t e  d i f f e r  once  oqua t i o n s ,  ^  i c h  
n a y  bo  used  when ta n  s b /a #
I t  i s  o b v io u s  t l m t  t h e  'c o l la p s o d *  h o x a g o n a l n o tv /o rk  w i l l  
o n ly  be u s e f u l  w i t h in  a l im i t o d  ra n g e  o f  ^  • I f  th e  hexagon 
i s  to o  'c o l la p s e d '  as when û “ i s  v e r y  s n a i l  o r  when ^
n o n y  o f  th o  o m it  bod n o d e s  ai^e m ore Im p o r ta n t  t l ja n  th o s e  In c lu d e d ,  
V7nen c o n d i t io n s  a rc  b e in g  c a lc u la te d  a t  th o  c o n t r e  o f  u g iv o n
(42)
hoxag^m# T lie  a q a a re  and  r o . ^ i l a r  h e x a ^ ^ n a l n e tw o rk s  8UQ;;o8tod 
by  S o u t la ? e ll i n  ro fo re in o o  (2 )  a re  s p e c ia l  oases o f  t h o  ’ c o l la p s e d ’ 
ho-xagon, and o b v io u s ly  w i t h i n  th e  p o r n ls s lb le  ra n g e  o f  ^  • 
S p e c ia l  case s*
(1 ) ta n  ^  a 1 ( S q ua re  j p t # ) l . o $  b a a . (9" « 45^ 
E q u a tio n s  (5 )  and  (G) bocane r e s p e c t iv e ly
-  0 . (7)
JT““ I /  /4
r i io  l a t t e r  n a y  a ls o  bo w r i t t e n
^  ( I -  X -  ^ [ r  -  ( r ) - ^
w lie ro  A (s  ^J~2) i s  th o  d is ta n c e  o f  th e  nodes 1 , 2 ,  4 ,  5 fro m  
th e  node 0 .
CL
4-
f i^ m r o  ( 06 ) •
Txiese f i n i t e  d i f f e r e n c e  a p p ro x ln m t io n 3 f o r  th e  s q u a re  n e tw o rk  
a re  i n  r o fe r o n c o  ( 2 ) #
(2 ) ta n  ^  a (R o fo ila r  h o x a rp n a l n o t ) ^  -  6 0 ^
/ J
P u t a 9 %  and so b - . / I .
2
E q u a tio n s  (6 )  a id  (G) become r e s p e c t iv e ly
(43)
l,Z, -  0 , --------------------------------------W
2 f j ] -  H
3
5
^  F i ^ o r e  ( • €  ).
71:030 a re  t l io  f i n i t e  d i f f e r e n c e  a p p r o x l ’n a t lo n a  f o r  t l i o  r e g u la r  
h e xa g o n *
n i0 R e la x a t io n  P a t te r n  f o r  t l i e  r e ^ iu la r  lieza.^ooa*
R*V*  S o u th w e ll d e s c r ib e e  a  p a t t e r n  as a s y s te i . ia t lc  iio a a s  o f
e l f  i l n a t l n g  vyliut l ie  c a l l s  r e s id u a ls  a t  t l ie  n o d e s * a
r e la x a t io n  p a t t e r n  v/111 nov/ be d e v e lo p e d  f o r  th e  r e g u la r
hexagon^ s l a l l a r  t o  th e  p a t t e r n  d e v e lo p e d  f o r  t h o  s q u a re  i n
r e fe r e n c e  (3 ) *  E q u a tio n  (9 )  m ust bo s a t i s f i e d  a p p r o x l in a to ly
a t  o v o ry  node o f  th e  n o tv /o rk *  I f  I t  i s  n o t  s a t i s f i e d  a t  t h e
node  f o r  exam p le^ l e t  th e  re s  I d  m l  a t  0 be d e f in e d  as
-------------------
So f ro m  an assum ed d i s t r i b u t i o n  o f  i j r  ,  I s  e s t im a te d  a t  oach  
n o d e , v a lu e s  o f  X  h a v in g  boon fo u n d  f ro m  o q u a t io n  (1 0 ) *  Tho 
a im  I s  t o  re d u c e  v / l t l i l n  th e  l i m i t s  o f  a p p ro x im a t io n  t i i e  
r e s id u a l  a t  oach  node  t o  z e ro *  To s y s te m a t iz e  t i l l s  r o d u c t lo n ,  
a  r e la x a t i o n  p a t t e r n  i s  d e v e lo p e d , v / l i lc h  g iv e s  th e  o lja .ige  I n  
r e s id u a l  f o r c e s  a t  0 and  a t  n e l^ ib o o r ln g  p o in ts  due t o  a  c lia n g o  




F i a u r e ( | ' )
Suppose on In c r o a e n t  l o  g lv o n  t o  ^ .
In  d o in g  s o , we le a v o  ij/"  unchxm god a t  e v e ry  o th e r  n o d e , b u t  I n  
v ie w  o f  e q u a t io n  ( 1 0 ) ,  X  bo c im n go d  a t  t i i e  nodoo 1 , 2 ,  3 ,
4 ,  5 , 6 ao w e l l  as a t  th e  no de  0 . I t  f o l lo v / s  f ro m  e q u a t io n
(1 1 ) t - ia t  th e  a p p r o p r ia te  I n o r o  lo n t  o f  t  lo r e s id u a l  I s
SFo —  Z  ( ^ ^ x )  — V C Z  ( /2 . )
In  s im i l a r  i.m n jo r  f o r  th e  s i x  no de s  s u r i^ u o d ln g  0 , v/e lia v o
s f ; =  s f „ x .  *  f . s x . - i K « .  )
* * * V /  \
; ; I } ------------------ - - - N
SF(. —  ^ Ÿ o X o  ^  ^  /
e re  o lm ngos i n  X  nodes 1 , 2 ,  3 ,  4 ,  5 ,  6 a re  n e g le c te d  I n
c o m p a ris o n  v / i t h  th e  c lian go  I n  X  Q-t 0*
a ls o  c o n s id o r ln g  th e  nodes 7 t o  3 2 , a  t o  P (see  f i g u r e  ^  )







S F p  -  ( f e - '  % )  s x ^  +  ( l k -  V f )  S X r j
ü q u a t io i is  (1 4 )  Oixl (1 6 )  f o l l o w  bo cau so  X  supposed  t o  be
uLTXCiia:i£îod a t  nodes 7 t o  3 2 , ü  t o  F# f l ia o  t l io  a p p r o i r la t e
obangos t o  t l io  r o a ld u a lo  a t  a l l  n o d o o , due t o  a l t e r i n g  o n ly  ^  
a t  0 , a ro  foi%nd# Those o lm ngos c m  be  o v a l u a to d  p ro v id e d  X
and ^ X  a t  oach  nOdo# I f  v/e w r i t e
H o  ~   Û(^ .)
t : ie n
(  I -  X  =  X / R
Tim s a t  e v e ry  node
B  =  x ' V <  -
I t  w i l l  bo  fo u n d  c on von io n  t  t o  w r i t e  t l i i s  e q u a t io n  i n  th e  fonn.
X -
T lic  r e l a t i o n s h ip  be tw een  X  ^  i s  gpapbod i n  f i g u r e  ( I  ) ,  
i n  w h ic h  ^  s 1 # 4 . t i ie  v a lu e  f o r  a i r *  T h is  g ra p h  i s  
p a r t i c u l a r l y  s i g n i f i c a n t  bo cau so  11 in c ro a s e s  f o r  X  » 1 *0  t o  
1 .2 6  (s u b s o n ic  ra n g e  ) ,  and d o  c re a s e s  f o r  X  •  1 *2 5  up iva rds  
( sup o r s o n ic  r a n g e ) . F o r each vcCLuo o f  K bo tv /oon  0 and .0 6 7 , 
tw o  v a lu e s  o f  X  a ro  p o s s ib le ,  ono c o r ro s o o - id in g  t o  s u b s o n ic  
f lo w ,  th o  o th e r  t o  s u p e rs o n ic  f lo v / .
lo w ,  c a i c id e r in g  t l i e  n a t t e r  f  i r t l i e r ,
SX = |'(R)SR






F ig u r e  ( l ) .
(47)
a .id  fro iT î e q u a t io n  ( IG ) ,  t l i o  inci'O-iont i n  du o  t o  a c îian go  
o n ly  i s  g iv e n  b y
SR,  -  -  t r f ]  S t .
ÎIIU S
A fjo in
S t  (17.)
Mid so
I v ln g
SR, =
=  [ f W ] ,  S t ,
S in ila r ly  ~     ~
 ( / ? : )
( '
T lia s  In o re n o n tn  t o  r e s id u a ls  c a i  uc e v a lu a to d  b y  s u b o t i t u t i  ig  
(1 7 )  and (1 8 ) i n  ( 1 2 ) ,  ( 1 3 ) ,  (1 4 )  a id  ( 1 5 ) .  I t  f o l lo w s  t î i a t  th e  
c Im agos i n  r e s id u a ls  a t  no de s  0 , 1 ,  2 — -  6 duo  t o  a  c lian go  S' 
i n  l | r  a re  g iv e n  b y
=  “ [ ç  ^ [i'(^ )J i -  '*^1 +  Ç  X i ]
a id
S F ,  =  [ ) ( .  [ { n ) l ( y r ^ - t ) ( i t -  T i r ) ] s t - ( i o . )
w h o re  1 s 1 , 2 ,  3 G.
(4 8 )
2 I:e  f u n c t io n  f ' ( ü )  lo  o v u l i ia te d  b y  c o n s id o p in g
dfl:LerGUp(%i
-(z'if-t 3j
a n d  s o
= = [ ~ 4 - X  ^ + 2 ( / + ^ ) X  j
_  S X  _   X ________ ______________________ /p ,  "j
T i l l s  r o la t io n n h ip  i s  g rq )  hod i n  T ig u re s  (2 a )  and (2 b )  f o r
X  5 1 .4 .
E q u a tio n s  (1 9 ) a :id  (2 0 ) a lo n g  v / i t l i  e q u a t io n s  ( 1 4 ) ,  (1 5 )
a n d  ( IB )  c o n s t i t u t e  th e  r o la r r a t io n  p a t t e r n  f o r  th e  r o g u lL ir
hœ iago iï#  U s in g  t l i i s  p a t t o r j i ,  t h e  Xj/' d i s t r i b u t i o n  ca n  be 
a l t e r o d ,  one node  a t  a t i n o ,  u n t i l  th e  r e s id u a ls  a r e  ovo ryv '/no ro  
n o g l i : g ib lo *
C r i t i c a l  F lo iv  u o n d it io n s  i n  C o a p re s s ib lo  i  l o i / .
i r o n  page ( 37 ) ,  le a v in g  o u t d a s li n o t a t io n  f o r  n o n -  
d ln e n s i  02101 q u a n t i t  io s ,
^ ^  ( I
a
F rom  t id .0.  I t  f o l lo w s  t l i a t  th.© v o l o c i t y  l a  a  m azlm m i when
On t l ie  o th e r  I ia n d , t h e  v o l o c i t y  i s  a  m in i  lum when
LL =  0 ,  P  =  Ij p U  =  0.
So b o tv /o o ii th o  p o m is s ib lo  U n i t  s o f  t h e  v o l o c i t y  ,  p\x :u s t  
l ia  VO a  r.ia:ciuiuia vaL ue •
Cons id  o r  t h e  o x m 'o s s io i i
(49)
iSLOUSMO















I ^ 'v id o a t ly
p V  -
j _ 4 X ‘ ’’+zO + rtX cL X r -11
- ( U + i )
a_id ao 3 0, v/lien %  a 0 o r  \7lion %  ^
ûL A  / f
Z lio  l i l t  t o r  v a lu e  ^ Iv o s
LL  ^ =  \ I ------ ^
r - 1 ( ' + ^ )  f +  ar.
s l i iR  d la o u s la ia l  n o t a t io n ,  f o r  th e  pu r}X )3o  o f  d e f i n i t i o n ,  v/o
in t r o d u o e  an im p o r ta n t  p o r a i c t e r ,  t h o  la c h  lo inbor *  ^  Jhori
o a Gg, th o  !aoh ju m b e r  bocomoo = 11 s u • -av h e r a o u l l i ’ a
^o
e q u a t io n  i o
4- U ,^ =■ C ^
Z
S«o
I I y - i  _  _ L  _  1 +  )T
7 ?  “  M /  2 '
T i l l s  le a d s  t o  th o  r e s u l t  Î z 1#
Onco m o re , r e t u r n in g  t o  n o n - d lm o jo lo n a l  n o t a t io n .  v;o can s t a t e  
t l i a t  p  u lia s  a maximum v a lu e  a t  t h e  l o c a l  speed  o f  sound
in * o o p o c t lv G  o f  t l i o  v a lu e  o f  ^  f o r  th e  f l u i d *
V  ^ 0 - ^ )
T o  f i n d  th e  maximum v a lu e  o f  p  u ,  wo s u b s t i t u t e  /\ f o r
^  -
-Z(l-t-ir)
p^LL  -  : ÿ r r | x  *  X
aiKd d is c o v e r  t h a t
(52)
X+l
^  \  i r - l
or
(p u.) V I -h y.
lit th e  ^ m x i lU-à v a lu e  o f  û  u ,  t l i e  i n d i v id u a l  v a lu e s  a re
P - ( i h ) * ,  ' - = ( i f r ) \
80 th o  c r i t i c a l  c o n d l t io n o  f o r  a i r  w h e re  ^  s 1 *4  a re  ( p u )  # 
♦ 57R, I n  w h ic h  jO s #G34 and u s •9 1 3 . U s in g  th e  r e l a t l c x i  
P  -  - L  ,  \7o g e t )( s 1 .2 5 G , aad  f ro m  e q u a t io n  (2 2 )  we g o t
r  X
M a l .  I n  a d d i t i o n ,  t î io  c r i t i c a l  v a lu e  o f  R i s
■R -  =  ■ 0G7-
^ G o fu l con. Q c t io n a  b e tw e e n  th e  p e ra  io to r a .
.Lgaln u s in g  d ia o n s io n a l  q u a n t i t i e s ,  f r o in  n e m o u l l i ’ o 
e q u a t io n
c * +  -  C , \
V/e s o t
M  °
T i l l s  r e l a t i o n  c o n n e c ts  t i io  !a ca  T u ib e ro  i and  To f i n d  a
con  a c t io n  bo tv /o o n  i  and X  # c o n s id e r  th e  e q u a t io n
■R _
l ' r o n  t i l l s .
=  (X.




G o .ib ln ln s  o q u a t io n s  (8 2 )  and ( 8 3 ) ,  ue f i n d  t lm t
/ m u
M  =  z ' ' / y - <
J I — K X .
' i lm s ,  p u t t i n g  ^  a 1,4 f o r  a i r ,  u e  g o t
M ,   W
Tho r o l a t l o n o h ip  bo tv /eon  ti and ^  I s  show n i n  f i g u r e  ( 3 a ) .  
i ig a in  u s in g  H s A ( ' “  /* y and p  -  X  ^  o b ta in  th o
r o la t io î ia ln î p  bo tv /eon  a c h  iu n b o r a id  d e n s i t y
‘Tho r o l a t l o n s l i i p  bo tv /oon  t l io  p re s s u re  and  th o  d e n s i t y  io  assum ed 
t o  bo th e  a d ia b a t ic  gas 3 a u .
p  =  p  —  — —  —  —  —  — — -  (26?.)
The r e s u l t s  o f  e q u a t io n s  (2 5 ) and (2 d ) a ro  i l l u s t r a t e d  i n  
f ig u r e s  (3 b )  and  ( 3 c ) .  i ^ o n  e q u a t io n s  (2 5 ) and ( 2 d ) ,  ue  see 
t :_ a t l i n o s  o f  c o n s ta n t  l o c a l  ta c h  dum ber a r o  l i n o s  o f  c o n s ta n t  
d e n s i ty  and p r o s s u r o .
E q u a tio n s  (2 2 )  t o  (2 d )  a re  th o  c o n n e c t in g  r e lu t io n s l iL p s  
be tw een  th o  p a ra n o to rs  usod  i n  c o m p re s s ib le  f lo i ;  p ro b le m s . 
F e a tu re s  co i  ion  t o  c o m w e s s ib lo  f lo w  p ro b lo  a s .
I l l  p r o b lo  IS o f  c o a p r o s s ib lo  f lo w  o f  a i r ,  I 'ro c i th o  rosu3fc s 
J u s t  d e v e lo p e d , i t  i s  s o o i
(a )  T lic  ru n g o  o f  i s  f ro m  0 t o
(b )  T lio  r a i . p  o f  i s  f ro m  0 t o  oO
( 5 4 )
< '■
( c )  p i t  a sce a d s  f ro m  0 t o  .5 7 8  as l o c a l  la c h  hu iober go os f ro m  
0 t o  1 {S u b s o n ic  R a n g e ), and  d o sce n d s  f ro m  #678 t o  0 as II 
goes f r a i  1 t o  ctO (S a p o i‘ s o n ic  R a n g e ).
(d )  On CO d i s  know n, t h e  p ro s s u ro  and th e  d e n s i t y  a r o  d i r e c t l y  
o b ta in a b le  f ro m  e q u a t io n s  (2 5 )  a n d  ( 2 6 ) .
( e )  A t s t a g m t io n  p o in t s  p s  p  % 1 .
( f ) A t i n f i n i t e  l o c a l  R ach lu iobo r p o in t s ,  p a p  s 0 .
(g )  As f a r  a #  th e  r e la x a t i o n  te c lm iq u e  i s  co ic o r  xod^ t l ie r e  i s  
no a u b t lo  |^ i | j | | | ln o t i ( x i  aa y e t ,  be tw een auboo l i c  a id  
s u p e rs o n ic  c o n d it io n s #
The r e la x a t i o n  te c h n iq u e  ha s  now been  d o v o lo p e d  s u f f i c i e n t l y
t o  p e iv i i t  t h e  w o rk in g  o u t  o f  p a r t i c u l a r  p ro b lo m a #












































S u b a o n lc  F lo iy  p a s t  a F i n i t o S y ia i iô t r ic à l
D o u b le
D o s c r ip t lo n »  The d o u b lo  wedge has an a n g le  o f  6 0 ^  f a c in g  th e  
s t r o a i ,  and  an a p e x  an.gHe o f  12 0^* I t  I s  p la c e d  I n  a  s t r a l g î i t  
c lia n n o l o f  b r e a d th  f i v e  t i n e s  th e  w edge b r e a d th ,  a t  z e ro  a n g le  
o f  in c id e n c o #  F ig u r e  ( /ju ) i l l u s t r â t  os t l io  p rob loL iis#
T lie  tw o  f l< x /s  e v a lu a te d  Im vo  th e  f r e e  s t r e o i i  c o n d i t io n s
(a )  y  z .3 7 5  It z ,4 2 4
(b )  y  « ,2 0 0  ï l  .  ,2 0 5
R e la x a t io n  N e tw o rk , 3 y  u s in g  t h e  r e g u la r  h o x a g w ia l n e tw o rk  I n  
t i l l s  T T o b le n , th e  o n ly  I r r o g u la r  s t a r s  o c c u r  on th e  wedge s id e s ,  
and  c h a n n e l w a l l s .  T i l l s  oases t l ie  c a l c u la t io n  c o n s Id o r a b ly ,  a id  
a d m its  c a r e f u l  e x a ^ . i ln a t io n  o f  t h e  wedge a p ex#  m  I r r e g u la r  s t a r  
i s  a node w h ic h  I s  n o t  s u rro u n d e d  by a c o m p le te  hoxagcm . U s in g  
th e  boundai»y c o n d i t io n s  o f  t i l l s  p i*o b l® ji,  fo rm u la e  w i l l  noe/ be 
d e r iv e d  f o r  e v a lu a t in g  a t  n o d e s . I n  t h e  f r e e  a t r o a a ,  on t l ie  
c h a n n e l w a l ls  and on th e  wedge s id e s ,
E v a lu a t io n  o f  Hq a t  I r r e g u la r  s ta r s #
(1 )  I n  f r o o  o tro a m .
In  d ln o n s io n a l  n o t a t io n  i n  f r e e  s tre a m ,
G s p  u h ,
w lie ro  G I s  m s s  f lo i?  p e r  second t l i r o u g h  th e  s e i l - c i i a n n a l ,  and 




















— Ap . c A  I p
^^op%)lng t l i o  d a s h  n o t a t io n ,
V  = ;0  U
J u t
R , = ^
w horoupon  p u t t i n g  V  3 1 *4  th o  v a lu e  f o r  a i r ,  v/o g e t  f o r  n ode s  
i n  t l i o  g ro e  s t r o a n ,
l^Q  S3 « 2  V  .
(1 1 ) On th o  o l^onzio l J a i ls »
In  d im e n s io n a l n o t a t io n  on th o  c lia n n o l w a l l ,  th o  v o l o c i t y  
c o ip o n o n to  a ro  Z and s 0# ' f i l l s  g iv e s
■ ( - - Æ Î - ,
w i i ic l i  lo a d s  t o
m '
D ro p p in g  th o  d a sh  n o t a t io n .
P u t t in g  y  -  1 ,4  th o  v o lu o  f o r  a i r ,  v/o g e t f o r  n o de s  on t l io  
c lia n r .e l v /a l ls ,
' 'o  = *2  V .
(S I )
(1 1 1 ) Oa t h o  \JodfKQ s ld o s
30
On th e  wedge s id e ,  w h e re  I n  d im e n s io n a l n o t a t io n  t l io  v o l o c i t y
_ L  I
c o - ip o iie n ts  a re  a p  ^ and « y  s p  ^ X f  liu v o
p
O y COS 30 # cos
w l i ic h  g iv o s
i i ls o
è x
u  a cos 3 0 °  ^ LL, co s  60
w h ic h  f^ ivo s
a 2
- - è x  .
In  n o n -c l ir is a a io n a l n o t a t io n ,
i fO U 3 2 V
G iv in g
» o  =
P u t t in g  ^  a 1 *4  t l ie  v a la o  f o r  a i r ,  we g e t f o r  nodes on th o  
v/odgo s id e s
Ro = -®
C o l le c t in g  th o s e  r o s u l t a  t o g e t l io r ,  wo g o t f o r  i r r o g i l a r  s t a r s
on
(62)
(1 )  I 'r o o  s tro a z i b o u n d a ry  ‘ ^  V
'o  =(1 1 )  C lia n n o l w a l ls
(1 1 1 ) Uodgo s id e s  Rq 3
S in c e  th e  k o x a g o n a l n e tw o rk  was ch o se n  w i t h  a  v io v / t o  r o d a c ln g  
i r r e g u la r  s t a r s  t o  a  m in ln iu n i, o i t h o r  a node i s  t h o  c o n t r e  o f  a 
r e g u la r  h o m g o n , o r  e ls e  i t  11 os on t h e  v/odge s id e  o r  t h e  
c lia n n o l w a l l#  a c c o r d in g ly ,  h can  bo fo u n d  a t  a l l  no de s  i n  th o  
f i e l d ,  b y  u s in g  e q u a t io n  ( IG )  v/lion th e  nodo i s  o u rro u n d o d  b y  a 
c o m p lo to lio x a g o n , o r  e q u a t io n  (2 7 ) when th o  n o d o  i s  on  a s o l i d  
bounda ry#
iJ^oforo com m encing th o  c a l c u la t i o n ,  an a s s u m p tio n  i s  made 
ab ou t t h o  sym m etry  o f  th o  p ro b le m .
. is s u ip t io n #  FrcHu f i g u r o  ( ^  ) ,  t h e  p ro b lo m  i s  soon t o  bo 
s y  i  i o t r l c u l  a b o u t b o th  w edge axes# a c c o r d in g ly  a l l y  ono 
q u a d ra n t lia s  boon o ^ :a i in o d ,  i t  b e in g  a ssu u o d  f o r  t l io  p ro  s a u t  
t h a t  th e  f lo w  p a t t e r n  w i l l  b o  i d e n t i c a l  i n  t h o  o th e r  t l i r o o  
q u a d ra n ts#  ' f l i i s  a o o u m p tio n  i s  b a se d  on th o  f i r ü i n g s  o f  
Janzon and  R a y lo ig h ,  who showed t h e r e  w as n o  r e s u l t a n t  f o r c e  
aa a c i r c u l a r  c y l i n d o r  p la c e d  a t  r i g h t  a n g le s  t o  a s u b s o n ic  
c o a p ro s s ib lo  f lo w #  (Soo Hof# (A ) p # 2 3 l)#  I n  t h o  case o f  t h e  
c i r c u la r  c y l l M o r ,  th o  l o c a l  v e l o c i t y  was s u b s o n ic  o v o ry w h o ro  
i n  t l i o  f i e l d #  la v in g  s ta te d  t i l l s  a s s u m p t io n ,  wo a re  no\7 i n  a 
% x )o it lo n  t o  o u t l i n e  t l io  m e thod  o f  s o lu t io n  f o r  p ro b le m  1 .
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0 3 7 00 2 2 8
0(48009(2
( 0294(0 (8 2 4
I 3500I 7 5 0 2 3235 4 48 0I 0 5 0
- 0 2 4 2-  01(3
0(3340082
(02+72(- 0 /4 +
3 0 2 0fa 0++5 / 0200
( »283
I 7784 -  0 07 5
0085400544 (0 (7 (2
I 0lO»8
u. 00
0 0 3 t
0 /3 o
F lA ju re (5). Initial Calculation in Proble.,i I.
(64)
^‘o a c p ip t io n  o f  m etlicxl#
fl'iO  q u a d ra n t t o  b e  o m i in o d  I s  f i r s t  c o v e re d  w i t h  a  n e tw o rk  
o f  r e g u la r  iioxa^^ons, t l io  s id e  o f  a lio x a g c n  b o ln g  th e  sane le n g th  
as th e  3 o :ii-v /o d g o  b r e a th  • So u s in g  n o n - d la o n s i o n a l q u a n t i  t i e s ,
A « i
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A v a lu e  o f  i s  now a s s ig n e d  t o  e a ch  node# fh e  æ u n d a ry  
c o n d i t io n s  ai^e \j/~  m 0 f o r  nodes  on th e  c e n t r e  l i n e  o f  c l ia n n o l 
and  wedge a id e ,  and \ j r  s 1 f o r  nodoa on c iia n n e l w a l l#  
la t e r a o d ia t o  n o d e s  iia v o  a v a lu e  o f  ' \ j f  p r o p o r t io n a l  t o  t h e  
i i s t a n c o  o f  t h o  n o d o  f r a : i  th e  c o i i t r o  l i n e  o f  t l i o  c l ia n n o l o r  
f ro m  t l i e  wedge s id e ,  w i t h  a n  u p p e r bound o f  1 f o r  nodes on 
c lia n n o l w a lls #  The i n i t i a l  d i s t r i b u t i o n  i s  sliown i n  
f i g u r e  ( 5  ) •  a t  ea ch  node  0 , w h ic h  i s  n o t  an i r r e g u l a r  s t a r ,  
u s in g  th o  v a lu e s  o f  A j f  a t  0 and a t  t h e  v e r t i c e s  o f  t l io  
r e f i l l  r  hœcagon s u r r o u n d in g  0 , th o  f o l l o w in g  q u a n t i t ie s  a re  
c a lc u la t e d  i n  t h e  o rd e r  c i t e d .
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( 3 CL )
Fox* t l i o  I r r o g u l a r  s ta r s  on th e  c lm n n e l and. wedge s id e s ,  i s  
c a lc u la te d  f r o m  e q u a t io n  ( 2 7 ) ,  a n d  so X  o o b ta in e d  f ro m  
f i g u r e  (I  ) •  f i l e  q u a n t i t i e s  c a lc u la t e d  f r o m  th e  a s s a r ie d  l | / ~  
d i s t r i b u t i o n  a re  sIicxtq i n  f i g u r e  ( 5* ) •  fh o  r e s id u a l  f o r e  os 
a t  th e  n o dos  a re  n o i; o l i n in a t o d  as f a r  a s  p o s s ib le  b y  u s in g  
th e  r e la x a t i o n  w t t e m  f o r  t ! ie  r e g u la r  h o ’^ oigon as d e s  c r i b  od  i n  
e q u a t io n s  (1 4 )  t o  (2 0 )#  f l ie  u ia i i  o l i i j j i a t i o n  i s  as f o l l o w s :  
ij/g  and ( i  s 1 ,  2 o )  a r e  known a t  t l io  c e n t r e  a?id
c o rn e rs  o f  a h e x a g o n , a t  th o  o a n t r a l  n o de  o f  w l i ic î i  Fq i s  t o  
bo o l in ln a t o d *
X  t  ( i  a 1 ,  2 ,  — -  3 ) Im vo  a l r e a d y  been fo u n d  as i n  f i g u r e  ( 5" ) • 
( f   ^ ( R ) ) ^  ( i  # 1 , 2 —— 6 ) a ro  o b ta in e d  f ro m  F I3 # f/? C L },
Ho fro m  e q u a t io n  ( 1 9 ) ,  cari bo fo iL id  iv liL c h  w i l l  e l im in a t e
(G6)
Onco 1 Q lia s  boon o l lo in a t o c l  as  f o r  as p o s s ib le  a t  a l l  n o d o s ,
t i io  c o r r e c te d  i j / -  d i s t r i b u t i o n  i s  usod  as  a  b a s is  f o r  a n o tv /o rk
tw ic e  as f i n e  a s  t :  c o r ig in a l#  So i n  th o  now d i s t r i b u t i o n
a 5 ^ #  R e s id u a l f o r c e s  a re  c a lc u la te d  a t  a l l  no des  i n  t h e  now 
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d i s t r i b u t i o n  as  b e fo r e ,  and e l im in a te d  a r^a in  b y  u s in g  e q u a t io n
(1 9 )#  C a lc u la t io n s  t o  t i l l s  d o g ro o  o f  r o f i n e i e n t  o f  n o t  w o re  
c a r r ie d  o u t f o r  )J 4 #375 and y  a #206# T lie  l i n e s  o f
c o n s ta n t  LocO. la cb  nu inbo r and D e n s ity  a ro  show n i n  f i g u r e s  ( 6  I
and ( X  )#
AS soon fro m  f i g u r e  { (o ) ( j /  « # 3 7 5 ) , a s o n ic  l i n o  lia s
a l i 'o a d y  a p p e a re d  ro u n d  th e  wedge a p e x , and  no a tte ^n p t io  m d o
in  t h i s  case  t o  oz^ ia iino  th e  r e g io n  in s id e  LI s 1 .  T lio  s o n ic
l l i o  i s  a p p ro x im a te  o n ly ,  because  r  e la x a t  io n  p o t  te r n s  can n o t
bo usod  a t  n o do s  w iiooo s u r ro u n d in g  heziagono in v o lv e  a  p o l i t  o f
s o n ic  v e lo c i t y #  T l i is  w i l l  bo d is c u s s e d  i n  d e t a i l  la te r #
F lig u ro  ( X  ) ( i /  z #205) shows a h ig h e s t  c o n s ta n t  W cdTl ia c l i
um ber l i n e  o f  #40, and so th e  n o t  r e q u i r e s  c o n s id o re b lo
r e f in o :n e n t  b o fo ro  a s o n ic  l i n e  i s  ro a c lio d #  F o r  jy  #205 , a
S iT û ll r e g io n ,  Liai’ked  i n  f i g u r e  ( X  ) ,  ro u n d  th e  weclgo a p o x  i s
o x a i in c d  f u r t h o r - b y  r e f i n i n g  t h e  n o t  a n d  o llm J L n a tin g  t  lo
r e s id u a l  fo r c e s #  Those 'p ro c è s  soo a ro  c o n t in u e d  a l t  o r n a te ly
u n t i l  à  a - i . #  Tlia c o n s ta n t  Local, la c h  l i n e s  f o r  t M a  ro ,g Io n  
160
a re  si:own h i fig u ro  ( 8  ) ,  and i t  is  soen th a t an appro^dLiiate 
sonic lin o  Im s now appeoi'od fo . t ills  low er floe; joora %otor.
T lio  r e g io n  ro u n d  th e  wodgo apex  in s id e  t l i o  s o n ic  l i i o  i n  








Fip^ire (6). Constant Mach Number lines 




Fi,o;ure ( 7 ) . Constant Mach Number lines 







P i^u .1^ 8 ( 8 ) . Constant Llach Number lines 
near v/edge apex.
(70)
iaaiolnation o f Refdon la a id e  aoiilc l i n o  fo r  V  a ,30S«
P liy o ic a l oonalderatloas#
C o n s id e r t h e  p r o b lo a  c o -a p ro s s lb lo  f lo iv  t I i r o u ( ^ i  a 
co n ve rg o rx t -  d iv o r^ ^ e n t n o s a l^  as so lved , b y  P ro fe s s o r  R#V# 
S o a t liî7 o ll i n  R efo rencG S  (3 )  and ( 4 ) ,  lo n g  as t h e  f I w  v;aa 
s u b s o n ic  e v o ry w h e ro  i n  t h o  n o s a lo ,  a c o ip le b e  s o lu t io n  was 
o b ta in e d  u s in g  re la .T ta t io n  m ethods# Jiy in c r e a s in g  t h e  im ss  f lo w  
p e r  second  th r o u g l i  t l i o  n o g iz le ,  s u p e rs o n ic  r e g io n s  ap pe a re d  
on th o  n o z z le  w a l ls  n e a r  t l i o  t l i r o a t ,  and f i n a l l y  a  f lo w  im r a ie t o r  
v/tts ro u c lio d  W iie ro  th e  f l o i /  beca .io  s o n ic  a t  t l i o  t l i r o a t  and 
o o a p lo te ly  s u p e r s o n ic  i n  t h e  d iv e r g in g  p a r t  o f  t l i o  n o z z le  
beyond t l i e  t l i r o n t *  H*V.  S o u t m o l l  s ta te d  i n  R e fe re n c e  (3 )  t h a t  
th o  r e la x a t io n  te c l in lq u e  f a i l e d  t o  y i e l d  d e f i n i t e  r e s u l t s  i n  
th o s e  s u p e rs o n ic  r e g io n s  and he d e v is e d  on  a l t e r n a t i v e  
(a p p ro x im a te )  a e t l io d  f o r  d e a l in g  w i t h  t h e  s u p e rs o n ic  pax*ts o f  
t lxo  f lo w *  T lie  re a s o n  g iv e n  f o r  t h e  f a i l u r e  o f  R e la x a t io n  ’I c t l io d s  
when M ^  1 was t l i a t  f  ^ ( l i )  I n  e q u a t io n  i ) b e c a iie  i n f i n i t e  
a t  s o n ic  v e lo c i t y #  and  h a d  l a r  %e n o a a t iv e  v A  uos a t  su n o r  s o n ic  
v o l o c i t i e s *  flJLs m eant t l a t  th e  r e la x a t io n  p a t te r n s  in v o ly o d . 
v e r y  la r g e  num bers f o r  M ^  1 * l l g u r o a  ( ^ a  ) and ( R b  ) s liow  
t h o  v a lu e s  o f  f * ( H )  fox* s u b s o n ic  a n d  s u p e rs o n ic  c o n d i t io n s  
r o s p o c t iv o ly *  . ^ t h o u i^ i  bha a b s o lu to  v a lu e s  o f  f ’ (R) a re  
g o n e r d l ly  f a r  g i*o a to r  f o r  s u p e r son le  f lo i?  tluàn  s u b s o n ic  f lo v ; ,  i t  
w i l l  bo  shown l a t e r  t e a t  th e  r o la . m t io n  p a t te r n s  i n  b o th  r e g io n s  
in v o lv o  num bers w n ic i i  a re  q u i t e  o o iiip a ru b lo *  I t  i s  a t  s o n ic  
v e l o c i t y  o n ly  t h a t  t l ie  r e la x a t i o n  ^ p a tte rn  f a l l s  because  o f  th e
(71 )
numb o rs  ia v o lv o d *  nn e x p la im ü ia i  o£ t h i s  w i l l  a ls o  be 
g iv e n  a t  a  l a t e r  s ta g o *
lio n  c a is ic lo r  t l i e  fu n d a m o z ito l d  i f  fo r e s e e  b o tw o o n  ono 
d lm e n o io n a l s u b s o n ic  and s u p e rs o n ic  f lo w s *  I t  i s  t h a t  f o r  
in c r e a s in g  s u b s o n ic  f lo v ’/ th o  s t r o a i  tu b e s  c o n v o rg o , w h i l s t  f o r  
in c r o û s in g  s u p e r s o n ic  f l o w  th e  o t r e a a  tu b e s  d i v e r  go*
TÎ10 tu b e  has a  m in lm u n  s c c t ia x  a t  s o n ic  v e lo c i t y ^  and  a n y  
s e c t io n  g r e a te r  t l ia n  t l io  i i in ln iu a  c a n  c o r re s p o n d  e i t l i e r  t o  a 
s u b s o n ic  o r  a  o u p o rs o n ic  c o n d i t io n *  Any s e c t io n  v / i t h  le s s  t l m i  
th e  m in lriu m . s e c t io n  i s  1  ip o s s ib lo  w i t h i n  o u r  o r i g i n a l  a s o u n p t io n  
o f  l in ^ o t a t lo n a l  c o n t in u o u s  f lo i7 *
O o n s id e r in g  u  tw o  d im e n s io n a l s t ro a n i tu b e *  t h e  o q u a t ia n  o f  
oor± i n u i t y  i s
p  uS a c Oils t a n t  
u n e re  p  i s  th o  m o a i d e n s i ty  a t  t h e  s e c t io n *  u i s  t l io  noan  
v e lo c i t y  a t  t h e  s e c t io n *  and S i s  t h o  t l i io k i io s n  o f  t l io  tu b e  a t  
t i io  p a r t i c u l a r  s e c t io a #  So we h a v e
s c o n s ta n t  
S
bow as lia s  a l r e a d y  boon sjiovm *
p  u
H = ^  p " a
-  ^  ( k  ;  c o n s t  o n t )
I-'roci t i l l s  r e s u l t *  we oco t h a t  R in c ro a s o o  f o r  b x r o a s in g
S u b so n ic  f l o t / *  b u t  d o c ro a c o fl f o r  in c r e a s in g  s u p e rs o n ic  flcRiz^
In  a d d i t io n *  II m s  a r.paxlaum a t  s o n ic  v e l o c i t y *  A v a lu e  o f  R
b e lo w  h  can c o rrc s fX )n d  o ith e x *  t o  a s u b s o n ic  o r  a s u p e r s o n ic  tax*
(72?
c o n d i t io n ^  w h i l s t  a  v a lu e  o f  R a b ove  ^> iax* ^  t o p o a s ib lo  w i t l i i n
o u r  a s s u m p tio n s  #
Tho f u l l  s ig o i f i c a n c e  o f  f i g a r o  ( / ) i s  now e lo a r *  v/horo
R i s  a ^^a in o t %  # I t  i s  t i i a t  t l io  c u rv e  f ro a P ( "  -  1 t o
y  a 1 .2 5  g iv e s  s u b s o n ic  f l o w  c o n d i t io n s *  w lie ro a s  f o r  v a lu e s
o f  X  ^bo ve  1 *2 5 *  th o  c u rv e  g iv e s  s u p e rs o n ic  f lo w  c o n d i t io n s *
T lio v a lu e  o f  H a t  a node i s  a d i r e c t  m easure  o f  t h o  mass
f l a y  p e r  seco nd  i n  t h o  v i c i n i t y  o f  t l - e  node * 'The n  o a r  o r  th o
n o d o  t o  t i l e  wed,go apex* t l i e  c r e a to r  i s  t l i o  v a lu e  o f  R* and so
th e  g r e a te r  th o  mass f lo t v  p e r  socond th e r e *  u l t im a t e l y  an
a p p ro x im a te  c u rv e  i s  fo u n d  s u r ro u n d in g  th e  wedgo a p ox* oa v / l i ic h
R lia s  th o  v a lu e  R and  t l i i s  i s  th e  s o n ic  l i n o  a l r o a d y
m e n tio n o c l*  As t l ie  wodgo a p e x  i s  a p p ro a c h e d  f ro m  t i l l s  s o n ic
l i n e *  t h e r e  i s  n o  p o in t  i n  c o n t in u in g  to  d im in is h  t h e  d is ta n c e
b e tw e e n  a d ja c c i i t  s t r o a i - ^ l i i i o s *  as  t i l l s  p ro c e d u re  p ro d u c o s
v a lu e s  o f  H g r e a t e r  t l a n   ^ a t  t h e  nodes w i t l i i n  t l i e  s o n ic
l i n o # / io c o (rd in p :ly  i n  j^oin/? f ro m  t h e  s o n ic  l i n e  t o  t h e  wod/^e
a p e x^  th e  d is ta z ic e  b o tw e e n  n e i ^ b o u r l n g  s tre a :i" * lln -Q s  i s
n r a d u A llv  in c ro a s e d *  T l i is  w i l l  e n s u re  a  v a lu e  o f  H le s s  t i i m
H a t  a l l  nodes w i t h i n  t l i o  s o n ic  l i n o *  a n d  now u s in g  t l ie  m ax*
s u p e rs o n ic  p a r t  o f  f i g u r e  ( I  ) *  a v a lu o  o f  X  be  f  oui^d
a t  o a c h  node*
I tc a m in a t io n  o f  S u p e rs o n ic  R e g io n *
T lie  le n g th  o f  t l ie  I ie :ra g a i s id e  n e c e s s a ry  t o  f i n d  th o  s o n ic  
13Li-io was A 9 - r x r *  The r e g io n  in s id e  th e  s o n ic  l i n o  i s  now
IGO
Q jcam iiiod b y  a  n e tw o rk  t l i r o e  t ln io a  a s  f i l e ,  and 00 à  9 -J L .*
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( 73 )
V a lu e s  o f  "U /  a re  oaauuod a t  t h e  n o d e s , b e a r in g  I n  ta ind  t i ie  
p l iy s lc a l  c o n s Id o r a t Io n s  cU scu sso d  I n  t l i e  l a s t  p a ra g ra p h #  a t  
th e s e  n o de s  w i t l i i n  t h e  s o n ic  l i n o *  t l io  same q u a n t i t i e s  a r c  
c a lc u la te d  as o u t l i n e d  p r e v io u s ly *  w i t h  t h e  im o o A a n t  d i f f e r e n c e
t l i a t  X  i s  re a d  f r o m  th e  s u p o ro o n lc  p a r t  o f  f i r < u r o  ( I I n
t i l l s  way t h o  r e s id u a l  f o r  cos  a r c  fo u n d  a t  a l l  n o de s  w i t l i i n  t h e  
re g io n #  I t  was n o t ic o a h le  a t  t h i n  s ta g e *  t lx a t  t h e  r e s id u a l  
f o r c e s  a lo n g  th o  v o r t i c a l  a ^ iis  o f  a y r i io t r y  t l i r o u g h  th e  wedge 
apex  w o ro  o f  an o r d o r  o f  m a g n itu d e  g r e a te r  th a n  t h e  r e s id u a ls  a t  
o th e r  n o d e s  i n  th o  re g io n #  üs t l io  nodes  a lo n g  t h e  v o r t i c a l  æ ia  
depend f o r  e v a lu a t io n  on th o  i n i t i a l  a s s u m p tio n  o f  s y x io t r y  o f  
f lo w  a b o u t t l i s  a x is *  i t  was d e c id e d  n o t  t o  a t te m p t t o  o l i u i n a t o  
t h e  r e s id u a ls  a t  t l io s o  nodes  a t  t l i s  s ta g e #  R e la x a t io n  p a t te r n s  
w o re  a c c o r d in g ly  e v a lu a te d  f o r  nodos  w i t l i i n  t h e  s o n ic  l i n o *  
urnoso s u r r o u n d in g  hexagons in v o lv e d  nodes n o i t l i o r  on t h e  v o r t i c a l  
a x i s  o f  s y m m e try , n o r  on t l ie  s o n ic  l i n e  i t s e l f #  I t  l ia s  a l r e a d y  
been s lioœ i i n  f ig u r e s  ( 2 a )  and ( 2 b )  t l i a t  f * ( R )  i s  i n f i n i t e  a t  
s o n ic  v e lo c i t y *  a id  c o o s o q u a u t ly  t h e  r e l a x a t i o n  p a t t e r n  ca n n o t 
be  used  a t  a node  w h ic h  lia s  s o n ic  v e l o c i t y  c o n d i t io n s  w i t l i i n  o r  
o n  i t s  s u r ro u n d in g  hexagCRi#
U s in g  t l io  r e la x a t io n  p a t t o m s  c a lc u la te d *  r e s id u a ls  w o re  
e l i i i i x i t 0(1 w i t l i i n  t h o  s o n ic  b o u n d a ry#  t h e  r e v is e d  }J/-
« d is t r ib u t io n *  th e  l o c a l  h a c h  Ilum bors w o re  c a lc u la t e d  and fo u n d  
t o  in c r e a s e  as th e  d is ta n c e  o f  t h e  n o de  f ro m  th o  wedge ajpex 
d e c re a s e d #  T i l l s ,  o f  c o u rs e *  was t o  b e  e xp e c te d #  I t  i s  w o r th  
p o in t i n g  o u t h e ro *  t lm t  i n  t h o  p ro c e s s  o f  c a l c u lâ t  io n *  
r e s id u a ls  w e re  n o t  a l i/a y o  e l im in a te d  b y  e v a lu a t in g  r e la x a t io n
(74)
p a t to rn a »  Q u it©  o f  t a u  " y  was clianQod a t  a  n o d e  b y  in s p e c t io n ,  
and t i i8  now s e t  o f  v a lu e s  w o rk e d  o u t  a g a in  f r o m  f i r s t  p r i n c ip le s *  
t o  f i n d  th e  e f f e c t  on th e  r e s id u a l  a t  t i i e  node# I n  p a r t i c u l a r *  
t i l l s  vmo t l ie  a o th o d  use d  f o r  nodos in v o lv in g  s o n ic  v e l o c i t y  
c o n d i t io n s  w i t l i i n  t h o  s u r ro u n d in g  lio x a g o a * b e c a u s e *  as has  
a l r e a d y  boon soon* a  r e la x a t io n  p a t t e r n  i s  i n v a l i d  f o r  s u c h  a 
p o i i t  •
b y  t l io s e  m ethods* r o s id u a ls  w e re  é l im in â t od a t  a l l  n o d e s  
io a id e  th e  s o n ic  b o u n d a ry *  v / i t h  t h e  e x c e p t io n  o f  nodos on th e  
v o r t i c a l  a x is  o f  sym m etry* w h e re  l i i g h  r e s id u a ls  rem a in #
Id s o u s s io n  o f  f * ( R )  a t  s o n ic  and s u p e rs o n ic  v e lo c i t i e s #
AS le n t io n o d  b o fo ro *  S o u th w e l l ’ s e x p la n a t io n  o f  t h e  f a i l u r e  
o f  R e la x a t io n  : ie th o d s  f o r  IX ^  1 , was t l i a t  t h e  r e la x a t i o n  
T X itto m s  in v o lv e d  v e r y  la r g o  num bers i n  t l i i s  ra n g e #  Tho la r g e  
nuimbors w o ro  ca u se d  b y  f ’ ( R ) *  w M c h  had  an i n f i n i t e  v a lu e  a t  
s o n ic  v e lo c i t y *  and  lia d  h i ^ i  n e g a t iv e  v a lu e s  f o r  s u p o rs o n ic  
v e lo c i t i e s #  lYo a g ro o  t i i a t  s in c e  f  ’ (R)  i s  i n f i n i t e  a t  s o n ic  
v e lo c i t y *  a  r e l a x a t i o n  p a t t e r n  ca n  n o t  b e  u se d  f o r  a  n o d e  w l i io h  
c o n ta in s  a s o n ic  v o l o c i t y  w i t h in  o r  on  i t s  s u r ro u n d in g  hexagon#
IVe do n o t  a g re e  t l i a t  r e la x a t io n  p a t te r n s  f o r  no do s  i n  s u p e rs o n ic  
r e g io n s  in v o lv e  num bers a n y  g r e a te r  t l ia n  no do s  i n  s u b s o n ic  
r o g lo n o *  d e s p i te  t h e  la r g o  n e g a t iv e  v a lu e s  ta lco n  b y  f ’ (R)  i n  t l io  
s u p o rs o n ic  re g io n #  To i l l u s t r a t e  t h i s *  we now  w o ik  o u t a  
r e la x a t io n  p a t te r n  f o r  tw o  n o d e s* one* a  node  w hose  s u r r o u n d in g  
hoxagon  i s  j u s t  on t h o  s u b s o n ic  s id e  o f  th e  s o n ic  l i n o *  and  t l ie  
o t i io r *  a node w hoso s u r ro u n d in g  }joxagon  i s  j u s t  on t h e  s u p e rs o n ic
( 7 5 )
s id e  o f  T3 2 1 .  Tho C o m o ro  o f  th o  o u r r o u i id ln g  hoxag on  I n  o a c li 
caso  a r c  nu inberod I
6  
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(a )  S u b s o n ic  P a t b o m * ( y  = .2 0 5 ,  a s JL_,
480
2 /
/ 5 A ^
1 2 3 0 ) .
—  ' 1
-i.
-
0 1 2 3 4 5 6
• 0208 .0 2 5 4 . 0253 .0 2 0 7 .0 1 5 7 .0 1 5 7 .0 2 0 0
X . 1 .1 2 9 2 1.Ô B66 1 .0 8 4 3  1 .1 2 0 6 1 .1 3 4 7 1 .2 0 8 1 .1 3 3 5
M 5 .2 3 .2 3 .1  5 .0 1 0 .3 2 1 .4 5 .5
•• . 004G - .0 0 4 5  .0 0 0 1 .0 0 5 1 .0 0 5 1 0
.2 1 1 .2 0 3  .0 0 0 1 .2 6 .2 6 0
.0 8 3 .0 7 7 5  .000002 .3 4 5 .6 8 6 0
i ' r o a  t i l l s  t a b le ,
Ç {( )^i (VC =-+■
and ^  =  ■ + (9 - 8 ^ ^
B u b o t i t u t ln g  th o o o  v a lu e s  i n  e q u a t io n  (1 9 )  w i t h  ^ = 1 # 4 ,  v/o g e t
S o :  - 3 . 0 2  51 / ^ q
wfLloo s u b s t i t u t i n g  a p p r o p r ia t e  v a lu e s  f ro m  th e  t a b le  i n  e q u a t io n  
(20) w i t h  ^  z 1#4 an d  1 = 1  ^ wo g e t
S i ? i  •  ^  1 .0 9  SŸo  .
E q u a t io n  (20) w i t h  I  a 2 ,  3 ,  - —  G i n  t u r n  g iv e s  v a lu e s  o f  S F g j 
—  (Si Q c a n p o i'a b le  t o  8  I  
170 Im vo  th u s  w o rk e d  o u t a  r e la x a t i o n  p a t t e r n  j u s t  oa t l io  
s u b s o n ic  s id e  o f  th o  s o n ic  l i n o .
(76)
(b ) Saperaonlc P a tte rn
"  W  / 5 ^
( y  z .2 0 5 ,  A m > 1 2 3 0 ) ,
0 1 2 5 4 5 G
.0 0 9 4 .0 1 4 6 .0 1 4 3 .0 0 9 5 .0 0 4 3 .0 0 4 5  .0 0 9 4
X .
-
1 .3 7 2
18
1 .2 6 7
150
1 .2 6 1
300
1 .3 5 0
21
1 .4 9 5
14
1 .4 9 5  1 .3 6 4  
14 19
-  I k )  X / o .
- .0 0 5 2
.2 7
5 .0
- .0 0 5 2
.2 7
1 0 .0
- .0 0 0 1
.0 0 0 1
.0 0 0 2 6
—.0 0 4 3  
.2 3  
.4 0
- .0 0 4 9  0 
.2 4  0 
.4 2  0
i.'roi-i t h i s  t a b le
Ç  f  “  / 5 -  8 ^ ^
and ' h  X • = + 8 - 2 3 ,
S u b s t i t u t in g  t liG o e  v a lu e s  i n  e q u a t io n  (1 9 )  w i t h  ^  r  1 . 4 ,  wo g o t
8 ? ^  s f  Y . 5 9
iJLso s u b s t i t u t i n g  a p p r o p r ia te  v a lu e s  f r o a  t h e  t a b le  i n  e q u a t io n
(20 )  w i t h  y  3 1 .4  and  i  -  1 , v/o g e t
8 ^ 1  3 +  1 .2 7  SŸo.
E q u a t io n  (2 0 ) v / i t h  i  a 2 ,  3 — -  G i n  t u r n  g iv e s  v a lu e s  o f  8 F g ,
S r 8  Fg c o m p a ra b le  t o  S  ^
T i l l s  i s  a  r e la x a t i o n  p a t t e r n  j u s t  on t l i o  s u p e rs o n ic  â id e  o f  
t l i o  l i n e #
ilov; l o t  us s tu d y  th e  p a t te r n s  j u s t  w o rk e d  o u t  t o  se e  th e
e f f e c t  o f  f * ( l v )  on
8 Fo  ^ v / l i ic h  i s  th o  a o s t  im p o r ta n t  o f  t l i o
c o r r e c t i n g  r a t i o s  i i i v o lv o d  i n  a r e la x a t i o n  p a t te r n #
In  th e  s u b s o n ic  c a s o , o f  t l ie  tw o  t o n s  c o n t r i b u t in g  t o  th o
r a t i o  , th e  t e n  c e n t a i l i n g  f ’ (H)  lia s  a  v a lu o  +  1 .2 ,  and
o Yo
(77)
t l io  o th e r  a  v a lu e  +  6 .8 #  T lie  viean v a lu e  o f  f ’ (H)  a t
th e  s i x  c o m e rs  o f  th e  s o i^ ro a n d in g  ho xag o n  was +  3 ,  and  t h e  
g r o a to s t  v a lu o  a t  a i y  c o m e r  +  2 1 . The r a t i o  lia s  a v a lu e
o f  -  8#
In  th e  s u w r s O i i ic  c a s e , th e  t o r n  c o n ta in in g  f ’ (R) has  a 
v a lu o  -  15 #8 , a n d  t l io  o t h e r  tc rm ^ T X  a v a lu o  +  8 .2 #  ‘T lio  moan 
v a lu o  o f  f  * (R)  a t  t h e  s i x  c o m e rs  v/as -  8 6 , and t l io  g r e a te s t
c p
n u m e r ic a l v a lu e  a t  a iy  c o r n e r ,  -  300# T lio  r a t i o  was e q u a l 
t o  4 - 7# 6 .
G o n o o q u e n tly , a l t l i o u ^ i  t h o  a b s o lu to  v a lu o  o f  f  * (R ) i s
c p
much la r g e r  i n  t l i e  s u p e rs o n ic  c a s e , t h e  r a t i o  i s  q u i t o
oWo
co m p a ra b le  i n  m a g n itu d e  i n  t h o  tw o  cas  o s . V/o iia v o  c h o s e n  as o u r
s u p o rs o n ic  n o d e , th e  ono in v o l v in g  a t  i t s  h o xa g o n  c o m o r s ,  t l ie
la r g e s t  f i n i t e  v a lu e s  o f  f ’ ( R ) ,  w i t h i n  t l ie  c o n d i t io n s  o f  f in o n o s s
o f  o u r  n o t .  (a  « i  ) .  zviy o th e r  s u r x ir s o n ic  nod© w i l l  in v o lv o
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q u a n t i t i e s  oven o i i a l l o r ,  s in c e  th e  a b s o lu te  v a lu e s  o f  f  * (R)  a t  
t h e  lie xa g o n  c o rn e rs  w i l l  be  re d u c e d . (See f i^ g u r©  )#
i ' i i r t h o r  c h o c k s  w i l l  bo made as  t o  t h e  m a g n itu d e  o f  th e  
q u a n t i t i e s  in v o lv e d  i n  su Tx^r s o n ic  p a t  t o m s ,  i n  ’p ro b le m s  2 and 3# 
S u f f i c i e n t  Im s bo on  done  i n  t h i s  p ro b le m , t o  in d ic a t o  t i^ a t  
s u p e rs o n ic  p a t te r n s  w i l l  I n v o lv o  q u a n t i t i e s  o f  t l i e  sane o ih Io t as 
s u b s o n ic  p a t te r n s #  R e la x a t io n  p a t te r n s  th u s  a p p ly  e v o ry w h e re  
1:1 t h o  f i e l d ,  e x c e p t  a t  n o d o s  v/liooo s s u rro u n d in g  h o x a g a is  in v o lv e  
a  s o n ic  v e lo c i t y #  a t  s u c h  n o d e s , i n f i n i t e  v a lu e s  o f  f ’ (R) 
a p p e a r ,  and so t h e r e  a rc  i n f i n i t e  q u a n t i t i e s  i n  t l i e  r e la x a t io n  
p a t te r n s #  i n  e x p la n a t io n  w i l l  now bo g iv e n  o f  s u c h  p a t te r n s .
(78 )
Wo s h a l l  o o n s id e r  a  h oxag on  i n  t h e  f l o l d  w i t h  a  s o n ic  
v e l o c i t y  a t  i t s  c e n t r a l  n o d e  0 . Thua f ro m  f i g u r e  ( / ) ^ R  1ms i t s  
la x lu u m  v a lu e  o f  # 067 a t  0 , and tha^efore th e  n a x ia u n i p o s s ib le  
mass f l a ?  p e r  second o c c u rs  a t  0 . I f  we nor; g iv e  an In c re m e n t 
§ 1 ^  t o  th o  s t r e a u  f u n c t io n  li|T a t  0 , lo a v in g  \jf a t  o th e r  nodes  
u n a l te r e d ,  wo a re  p ro d u c in g  u mass f l o w  p e r  se co n d  g r e a te r  t lm n  
th o  a o x in u n i one p o m is o ib lo  a t  0# a c c o r d in g ly ,  H 1ms a  v a lu o  
g r e a te r  t l ia n  a t  0 ,  w h ic h  o f  c o u rs o  i s  im p o s s ib le #
O a is e q u o n t ly ,  no  r e l a x a t i o n  p a t t e r n  i s  p o s s ib le  a t  0 , b e ca u se  
a i y  in c r e l i a i t  S i^  pi'*oduces a  v i o l a t i o n  o f  th o  p h y s ic f l  o c x id it io n s #  
T h is  e x p la in s  t l io  i n f i n i t é  v a lu e s  o b ta in e d  f ro m  th e  r e la x a t io n  
p a t te r n s  f o r  s u c h  nodes a s  0#
We co n c lu d G  t l i a t  th e  o n ly  m ethod  p o s s ib le  f o r  w o rIc in g  o u t 
th e  i jA  d i s t r i b u t i o n  a t  n o d o s  on oi’ n e a r  th e  s o n ic  l i n o ,  i s  t o  
e v a lu a te  a f r e s h  th o  r e s id u a ls  f r o a  f i r s t  p r i n c i p le s ,  e v e ry  t im e  
an a l t e r a t i o n  i s  made t o  a node# H ow ever, th e  v a lu e  o f
R a t  a node  m ust n e v e r  e xce e d  #067, and  t h i s  f a c t  m ust b o  k e p t 
i n  m ind v/Iien th e  ijA - d i s t r i b u t i o n  i s  b e in g  o l t o r o d ,  i n  an a t t o a p t  
t o  g o t r i d  o f  r e s id u a ls #  B ecause o f  t h i s  added c o a p l ic a t io n ,  th o  
r o g io n  n e a r  th e  s o n ic  l i n o  con  o n ly  bo d o te r  m in ed  b y  re p e a te d  
c a lc u la t io n s .  I n  t i i i s  p i^ob lom , t h e r e f o r e ,  t h e  r o la x a t io n  
t o c i i i i iq u o  p re s e n ts  n o  d i f f i c u l t y  f o r  s u b s o n ic  o r  s u p o rs o n ic  
c o n d i t io n s ,  b u t  i t  m ust b o  a p p l ie d  v e r y  c a r e f u l l y  on b o th  s id e s  
o f  th e  s o n ic  l i n o  w h o re  th o  v e l o c i t y  i s  n e a r ly  ocm ic#  Tho s liapo  
o f  f i g u r e  ( | ) i l l u s t r a t e s  t l i i s  s ta te a o n t  v e r y  w e l l .  F rom  
2 1 , t o  X  s 1 .2  (s u b s o n ic  ra n g e  f ro m  :i -  0 t o  M 3 #9) and
(79)
f i* o a  X  s 1#3 to ^  s 3 . 5 ,  (s a p c s rs o a ic  ra n g e  f r a n  f j  s 1 .1  t o  3 .0 )  a  
s m a ll c im n g e  p ro d a o e s  an a p p r o c ia b lo  c liang©  i n  R . Such
c o n d i t io n s  make f o r  e a sy  a p p l i c a t i o n  o f  t h e  r o la x a t io n  to c im iq u e .  
H ow ever, f ra m  ^  a 1 .2  t o  X  s 1 * 3 ,  ( t r a n s o n ic  ra n g e  f r o m  M -  .9  
t o  Î5 a 1 .1 )  t h e r e  i s  p r a c t i c a l l y  n o  c lia n g o  i n  t h o  v a lu e  o f  R, 
w l i ic i i  has a  iim xiniam  w i t h i n  t i l l s  ra n ^e #  T h is  a c c o u n ts  f o r  th e  
g re a t  c a ro  n o c o s s a ry  in  a p p ly in g  r o la x a t i o n  m ethods t o  a 
t r a n s o n ic  r o g io n .
T lie  s u b s o n ic ,  t r a n s o n ic  and s u p o rs o n ic  r e g io n s  lia v e  now been 
e x a i in e d  t o  o u r  s a t i s f a c t i o n ,  e x c e p t f o r  th e  nodos on t l i o  a x is  
be tw een  t l i©  s œ iic  l i n o  and th e  wedge a p e x , v /lip ro  la r g e  r e s id u a ls  
r e  la in .
I n v e s t i , fixa tion  i n t o  o r i g i n a l  a s s u m p tio n  o f  a ym m e tr:/.
Janzen  and  R a y le i^ ÿ i i n  r e f  o r  once ( â ) ,  page 2 3 1 , fo u n d  t h e r e  
was no r e s u l t a n t  f o r c e  <xi a  c i r c u l a r  c y l i n d e r  p la c e d  a t  r i g ^ i t  
a n g le s  t o  a  u n ifo r m  s tre a m  o f  a  c o ip r o s s ib lo  f l u i d .  I t  was 
i n f e r r e d  f ro tü  t lJ L s  t l i a t  th e  f lo w  p a t t e r n  was s y ^ in e t r i c a l  a b o u t 
t l i e  h o r i z o n t a l  and v o r t i c a l  a xe s  o f  th e  c y l i n d e r .  I n  th e  ca so  
cons Id  © rod  b y  t l io s o  a u th o r s ,  h o w e v e r, t h o  f i e l d  v/as e ve ry w h e re  
s u b s o n ic ,  an d  no  s u p e rs o n ic  r e g io n s  o c c u r re d ,  as do  o c c u r  i n  t h e  
f lo w  p a s t  a w odgo . I n  t h e  p re s e n t  p ro b le m , s u c h  an asg a im p tio n  
o f  sym m etry  p re s e n ts  d i f f i c u l t i e s .  I f  s ym m o try  i s  assum ed, i t  i s  
im p o s s ib le  t o  e l im in a t e  th e  la r g o  r e s id u a ls  a t  n o d o s  oa th o  
a x i s .  A c c o r d in g ly ,  i t  ooams t - a t  th e  a s s u m p tio n  o f  * sym m etry  m ust 
b e  abandoned i n  a n  a t te m p t  t o  e l im im t e  t l i o  r e s id u a ls  a t  th e  
s u p o rs o n ic  nodes aa t h e  y  -  a id s .  A q u a l i t a t i v e  a rg u m e n t i n
(80 )
fa v o u r  o f  a b a n d o n in g  th e  a s s u m p tio n  o f  sym m etry  i s  now g iv e n
l i g u r o  ( Œ  ) l l l u a t r a t o s  th e  x  and  y  a xe s  o f  o y r in o t r y ,  and 
t h e  s o n ic  l i n o .  G o n s ld o r  a i y  s m i l  p a r t  o f  th o  s o n ic  l i n o  AC 
la f j î i f i i o d  11 th o  f i g u r e ,  toav; t ; i o  a tro u m  l l i o s  lU i and CD t l i r o u ^ J i 
i t  and C r o o p o c t iv o ly .  iiD i s ,  o f  c o u r s o ,  th o  ivodgo s id o ,  v / l i lc h  i s  
a ls o  a  s tro a m  l i n o .  T im s v;o havo a s tro a m  tu b o  w hoso s e c t io n  by 
t ;  0 s o n ic  l i n o  l a  AC a :id  b y  fclio y - a x is  i s  8D . S in c e ,  on th o  
a s s u m p tio n  o f  s y n io t r y ,  oa ch  s t r o a i  l i n e  lia s  i t s  im jc lm ’.i v e l o c i t y  
on th o  y - a j i i s ,  t l i o  v e l o c i t y  m ust in c ro a s o  f ro m  h  t o  h  an d  f r o . i  
c t o  D . So th o  s t r o a I  tu b e  s e c t io n  w i l l  in c r e a s e  f r a n  aO t o  DU, 
and o f  c o u rs o  d e c ro a s o  f ro m  DD t o  m*C* on  t h e  r i j ÿ i t  lia n d  s id o  o f  
t h o  y - a x i s ,  w horo  a ’ C* a AC. T lio  ta n g e n t  t o  th o  s t r e a i  l i n e  a t  
b  on th o  l e f t  lia n d  s id o  o f  th o  y - a x is  h a s  m  an^Lo  o f  i n c l i n a t i o n  
g r o a t  o r  f a n  3 0 °  (s o a i-w o d g o  angpLo). I f  s y in io t r y  o f  f lo w  a b o u t 
t h o  y - a x is  o x la t s ,  i t  f o l lo w s  f . a t  th o  s t r o a . : - l i n o  a t  D m ust 
t u r n  t l i r o u g l i  a .i a i g l o  o f  m ore  th a n  50 °, s in c e  t h o  f lo w  a t  B 
tu r n s  t h r o u g l i  a n  aigpLe o f  3 0 ° .  T i l ls  c a n  o n ly  o c c u r  I f  t h o  s tre a m  
l im e  CD iu is  a d l s c o i t i n u i t y  i . i  g r a l i o i t  a t  D. A s im i l a r  a rg u m e n t
(81 )
a p p l ie s  t o  o v o ry  s tro a c i l i n o  u l t b l n  t h e  o u p o rs o n lû  r e g io n ,  so 
th e  a o s u L ip tio n  o f  s y i- r ie t r y  in ip l io s  t h a t  a l l  s u p o rs o n ic  s tre a m  
l in o s  lia v o  a d i s c o n t i n u i t y  i n  s lo p o  a lo n g  th e  y - a x is *
I n  s u b s o n ic  f lo ? ; ,  t h o  s t r o a n  tu b e  s o o t Io n  d o c ro a s o s  a s  th e  
y - a x is  i s  a p p ro a c h e d , so t l i e  a s s u n p t io n  o f  s y rn o e try  does n o t  
i- ip o s o  a lo o  o r  l i m i t  on t h e  a n g le  tu r n e d  t l i r o u g h  b y  th e  s u b s o n ic  
s t r e a  i l l n e  as i t  c ro s s e s  t h o  y - a x is *  A c c o r d in g ly ,  s u b s o n ic  
s t r e a m lin e s  c a i  c ro s s  t h o  y - o x is  n o r u m l ly *  f h e  a s s u m p tio n  o f  
s y i i e t r y  a b o u t t h e  y - a x is  v/as t h e r e f o r e  a't^andoned f o r  tvjo re a s o n s ,
(1 )  TIio r e s id u a ls  a t  s u p e rs o n ic  nodos on th e  y - a x is  c a n n o t 
bo  e l im in a te d ,  and
(2 )  The s u p e rs o n ic  s t r o a n l in o s  w ou ld  o th e r w is e  a c q u ir e  a 
d i s c o n t i n u i t y  in  s lo p e  as t l io y  c ro s s  t h e  y -æ c is *
E s t i im t io n  o f  ro ia in d c m  o : s : )o rn o n ic  r o g io n *
We nov/ r e t u r n  t o  t h e  d i s t r i b u t i o n  o f  t h e  s u p e rs o n ic
r e g io n ,  w h o ro  u n d e r  t l ie  a s s u m p tio n  o f  s y m ie t r y ,  la r g e  r e s id u a ls
n e re  fo u n d  t o  e x i s t  on t h e  y - o x is *  îîow v a lu e s  f o r  w e re
a s s ig io d  t o  th e  nodos on t h e  y - a x i s ,  and on t h e  r i ^ t  I iu n d  s id e
o f  t l io  y - a x is *  T lio  I m g t h  o f  t h e  hexagcm  s id e  was s u c h  t l i a t
A s 1 » The s o n ic  l i n e  lia d  a l r o a d y  b o o n  d o te rm in o d  t o  t h e  l o f t  
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o f  th o  y - a x io ,  a id  wo w o ro  n a /  e r-c lo a v o u rin g  t o  f i n d  t l i e  re m a in d e r  
o f  th e  s o n ic  l i n e  t o  th e  r i g l i t  o f  t h e  y - a x is *  C o n s e q u e n tly ,  t h e  
r e s id u a ls  and th o  lo c d  la c h  I t o b o r  w o ro  v /o rko d  o u t  a t  t h e  nodes 
on th o  y - a x is  and  t o  th o  r i [ ^ i t  o f  t l ie  y - a x is *  T l i i s  gave a n  
a p p ro x im a te  lo c a t io n  o f  t h o  s o n ic  l i n e  t o  t h e  r i g i i t  o f  t h o  y - a x is  
and th o  r e s id u a ls  a t  t l i e  nodes  low bo i n  g e xa m in e d  w o ro  o l im in a to d
(82)
as f a r  us p o s s ib le  b y  u s in g  r o la x a t i o n  p a t te r n s *  In  Liany c a s e s ,  
I io u e v o r ,  w h e re  th o  node ha d  a v e l o c i t y  n e a r  i i  » 1 ,  t l ie  s t r o a . i  
r ’o n c t io n  v/as a lb o r o d  a t  t h e  n o d e , a n d  th e  new r e s id u a ls  e v a lu a te d  
fro m  f i r s t  p r in c ip le s *  T i i i s  p o in t  lia s  a l r e a d y  b e e n  d is c u s s e d *  
A f t e r  m uch m a n ip u la t io n  o f  t h o  v a lu o s  o f  \ j /  a t  t h e  so n o d o s  on 
th e  y - a x io  and t o  th o  r i g h t  o f  th o  y - a x is  v r i t h in  t l io  s o n ic  l i n o ,  
a d i s t r i b u t i o n  o f  th o  s tre a m  f u n c t io n  v/as fo u n d  v /h ic h  g a ve  v e ry  
s m i l  r e s id u a ls *  Thus th e  p a r t  o f  t l ie  s u p o rs o n ic  r e g io n  t o  t l ie  
r i { ^ i t  o f  t l i o  y - a x is  was worlcod o u t ,  and t h o  r o ia in d o r  o f  t h o  
s o n ic  l i n o  fo u n d *
T lio  c o m p lo te  s u p e rs o n ic  r o g io n  ro u n d  t l ie  wodgo apex  i s  
shown i n  f i g u r e  ( 9  )# und t h o  lu c k  o f  oym m etry aTx>ut th o  y-a:*tLs 
i s  q u i t e  p ro n o u n co d * I t  i s  im p m 'ta n t  t o  r e a l i z e  t h a t  a  i j / -  
d i s t r i j u t i o n  lia s  b o on  fo u n d  i n  t h e  s u p e rs o n ic  r e g io n  ro u n d  th o  
v/odgo a p e x , w ld c h  g iv e s  lo w  r e s id u a ls  a t  a l l  n o d e s* ^>t e a c h  aodo 
V70 know th e  v a lu o  o f  i a id  X  > and so  f r o m  f i g u r e  ( 3d)  t h e  lo c a l  
v o l o c i t y  i s  fo u n d *  u s in g  f i g u r e  ( 3 6 ) ,  we g o t  t h e  d e n s i t y ,  and  
f i g u r e  ( 3 c )  t i ie n  g iv e s  th o  p ro s  s u re *  The v o l o c i t y ,  d e n s i t y  a-id 
p re s s u re  a ro  t l i i s  kaoxm a t  a l l  nodos w i t l i i n  t h o  s u p e rs o n ic  r o g io n
and l i J ie o  o f  c o n s ta n t  Î , ,  and "p a ro  s h o rn  i n  f i g u r e  ( 9  )♦
A lth o u g h  th o  c a lc u la t io n s  a t  th o  wedge apox Iia v o  n o t  boon
c o n t in u e d  beyond  a n o t  v /he re  a  s 1  ^ i t  i s  a p p a re n t  t l i a t  t h e  v/odgo
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a p o x  i s  a p o in t  w h e re  th e  l o c a l  !aon  d a ib o r  i s  i n f i n i t e ,  an d  th e  
p ro o a u ro  and d o n s i t y  a ro  z o ro *  T Iio  d i s t r i b u t i o n  o f  m ch dum ber, 
d e n s i t y  and  p r o s s u r o lo o k s  v e r y  r o g u l i  r  i n  f i r ^ e  ( 9 ) ,  and 




















r o g io n .  I t  V3Du.il t lm s  ap7x>ar t lm t  a  p o s s ib le  f l o u  lia s  been 
fo u n d  i n  o u r  p ro b lo n ^  v h lo h  i s  f r c o  o f  s lio o k  u a v e e . I n  P a r t  1, 
sh o ck  Y/avos w o re  d o f in e d . as l i n e s  o f  f l i s c o a t i n u i t y  o o n f in e d  t o  
su 19 r s o n ic  r e g io n s  o n ly ,  a c ro s s  w l i i c l i  d © f i n i t e  cha ng es  in  
v e lo c i t y ^  d e n s i t y  and p re s s u re  o c c u r r e d .  I lo u e v e r ,  u l t im o u ^ i a  
sh o c k  f r e e  f l a v  may be n a t h o m a t lc a l ly  p o s s ib lo ,  i t  does n o t  
f o l l o u  t l i a t  i t  w i l l  o c c u r .  C o n d it io n s  a t  an y  p o in t  in s id e  a  
s u p e rs o n ic  r e g io n  a re  l i a b l e  t o  c lia n g o , a c c o rd in g  t o  t h e  
r e l a t i o n s  d e v o lo p o d  i n  P a r t  I  f o r  c o n d i t io n s  on tv /o  s id e s  o f  a 
anock  w a v e . C o n s e q u e n tly ,  we now lo o k  f o r  e v id e n c e  w h ic h  u o i i l d  
i n d ic a t o  p o in ts  i n  t l i e  s u p o rs o n ic  r o g io n ,  a t  w id c l i  o u c h  c im n g o s  
i n  v e l o c i t y ,  d e n s i t y  and  p re s s u re  in ig l i t  o c c u r .
P ros s u re  r y a d io n ta  i n  t h e  s u p e rs o n ic  r e g io n .
C o n s id e r  t h e  s i x  s t r o a i  l i n o s  shovai i n  f i . g u r o  ( ^  ). On 
oach s tro a m  l i n o ,  t h o  p o in t  l a  m a r to d  w lie ro  a  c o n s ta n t  la c h  
num ber l i n o  to u c h e s  t l io  s t r o a  i  l i n o .  The c o r re s p o n d in g  p o in t  on 
th o  s tro a m  l i n e  a lo n g  t l io  wedge s id e  i s  t i e  wedge a p e x , l l io s o  
p o in t s  c o n s t i t u t e  th e  p o s i t io n s  o f  î i l n la u . i  p re s s u re  on o a c li 
s tre a m  l i n e .  V/o s l i a l l  i n  a l l  cases  measure th e  d is ta n c e  ^  
a lo n g  a s tre a m  l i n e  fro m  th e  p o s i t io n  o f  m in i  lum p r e s s u r e .
F ig u ro  ( ^  ) s liow s th e  p re s s u re s  and  p re s s u re  g r a d ie n ts  on th e  
s i x  s t r o a  1 l i n o s ,  no a t te m p t  i s  made a t  an e x a c t  r e ^ e s o n t a t i o n ,  
b u t  a p i c t u r e  i s  g iv e n  s u f f i c i o n t l y  a c c u r a te  t o  s h a v  t h e  r e l a t i v e  
m g n itu d e s  o f  t l i o  p re s s u re  'g ra d ie n ts  on  t l i e  s i x  s t r o a i  l i n e s .
/T\
il l©  n o 8 t iio t ic o u b X G  fou t^upc  o f  t l i o  d -ia rp^a ii i s  t l i o  d i s c o n t i i i i i i t y
ia  t l i ô  pposüup© (^^padlont a t  t i ^  p o s i . t lo n  o f  . . l in i i iu n i p ro s  sup© on 
each s t r o a i  l l i o #  T h is  d is c  o u t  i a u i t y  I s  la r g e s t  on  t l ie  s t r o a i l l i i o  
a lo n g  t l io  v/odgo s id e s ,  and  g e ts  s i i a l l o r ,  t l i o  f w t l i o r  a ivay th e  
s t r c a a  l i n o  i s  f r o L i th o  v /odgo . C o n s o q u c L itly , as v/o move dCRTn- 
s t r e a n  a lo n g  a n y  s t r o a i l i n o ,  th o  p ro s o u .ro  r ^ a d lo n t  g e ts  
I n c r e a s in g ly  n e g a t iv e ,  u n t i l  t l io  p o s i t io n  o f  r . i i n l i m  i r o s o u r o  i s  
ro a o lio d ,  ivho roupon  t l ie  p re s s u re  ^ g ra d ie n t jum ps d i  sc o n t i  n u o u s ly  t o  
i t s  h i  jh o s t  p o s i t i v e  v a lu e .  Tlio lo c u s  o f  t h e  p o in t s  o f  i i i n l  iu .i
(86)
p r^so u p o  on oach c t r e a n l ln o  th u s  lo o k s  a  l i k e l y  lo c a t io n  f o r  a
shock w a ve , b e ca u se  a t  s u c h  p o i:a ts  th e  p i 'e s s u ro  g r a d ie n t  1ms i t s
/  2
n a x lu u a  p o s i t i v e  v a lu e  and  i n  a d d i t io n  =  o O  l . o .  t l i o
p ro s s u rc  g r a d ie n t  i s  d is c o n t in u o u s *
Q h A r a c to r ia t lc a  in  t h e  s u p e rs o n ic  r e g io n .
In  P a r t  I ,  i t  v/as oha^n t l i a t  t h e  c o n d i t io n s  in s ld o  a 
s u p o rs o n ic  r e g io n  c o u ld  bo in v e s t ig a t o d  b y  c o n s id e r in g  th o  tw o  
f a u i l i o s  o f  c h a r a c t e r i s t i c s  o f  th e  h y p e r b o l ic  c a ip r o o s ib lc  f lo w  
d l iT o r o n t l a l  e q u a t io n *  I n  i m r t l c u l a r ,  t l i o  p l i y s ic a l  p la n e  
c o n ta in s  a l i m i t  l i n e  i f  e i t h e r  f a * : i i l y  o f  c h a r a c t e r i s t i c s  lia s  
an o r iv o lo p o *  S te a d y , c o n t in u o u s ^  i r r o  t a t  io n  a l  f lo w  was fo u n d  t o  
bo im p o s s ib le  beyond t h i s  l i / i o ,  and th o  p re s e n c o  o f  o u ch  a n  
e :i7o lope  nado th e  a p iioa ra ncG  o f  a s h o c k  w a ve  n o c o s s a ry ,  o i t h o r  
i n  f r o n t  o f  o r  a t  th e  l i m i t  l i n o *
In  r o fe r o . ic o  ( 1 3 ) ,  D .C . P ack c o n s id o r s  a s u p o rs o n ic  j o t  
(" i -  1 .6 )  e x i t i n g  f r o a  a s t r a ig h t  n o z z le ,  no  c a l c u lâ t  os t l i o  
c l i a r a c t o r i s t ie s  fro m  th e  n o z z le  a o u th  i n t o  t h e  o u ts id e  
a tn o s p h o rc *  x lio  f i r s t  p o in t  a t  v /h ic h  tw o c l ia r a c t  o r i s  t i c s  o f  t l io  
sa:io f a  l i l y  ru n  t o g e th e r  t a n g o n t l a l l y ,  h e  c o n s id o r s  t o  bo  th e  
s t a r t  o f  a sh o ck  v /a ve , w h ic h  i s  e s t  i r a  to d #
z ic c o r d in g ly ,  saac i i x l i c a t i o n  o f  a l i k e l y  s h o c k  vmvo p o s i t io n  
a lQ l i t  be  o b ta in e d  f r o a  a  p ic t u r e  o f  t l io  o l i a r a c t e r i s t i c s  i n  th o  
s u p o rs o n ic  r o g io n  ro u n d  t l io  v/edgo a p o x . The c lm r a c t e r i s t i c s  w o re  
o b ta in e d  i n  t l io  f o l l o w in g  i.m .m or* Fz^ o:i P a r t  I ,  i t  ' i s  soon t l i a t  
a t  any p o h i t  i n  a s u p o rs o n ic  f i o l d ,  th o  ta n g e n t  t o  t h e  s tro a m  
l i i . o  a t  th o  p o in t  b is e c t s  th o  a n g le  b o tv /o o n  th e  tw o  c h a ra c t  o r  l o t i e s
(8 7 )
t i r o  ugh th e  p o in t  # In  a d d i t i o n ,  i f  1 i s  t l i o  l o c a l  ..lach I te ib e r  
a t  t l ie  p o in t ,  t l ic n  th o  a n g le  oL  bo tw oon  th o  ta n g e n t  and e i t h e r  
c h a r a c to r is  t i c  i s  ^$Lvon b y
s in  cL si
hi
Thus a t  e v e ry  node i n  th e  s u p e rs o n ic  n e tw o rk  v ^ ie ro  A s - i —, th o  
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f i n a l  d i s t r i b u t i o n  ogives th e  d i i^ o c t io n  o f  th e  s tre a m  l i n o ,  
and t l ie  l o c a l  la o h  llam bor g iv o o  t h o  a n g le  be tw ee n  t h e  s tre a m  l i n e  
a id  e i t h e r  c l ia r a c t  e r i s t i c #  The d i r e c t io n s  o f  t l i e  tw o  c l ia r a c t  o r  i s  t i c s  
a t  e v e ry  n ode  a ro  t h e r e f o r e  knov/ii#  Jy  in to r % ) o la t io n  f o r  c o n d i t io n s  
bo tw eon  t h e  nodes, t h o  d i r e c t i o n s  o f  t l io  tw o  c h a r a c t e r i s t i c s  a t  
© ve ry  p o in t  o f  th o  s u p o rs o n ic  r o g io n  a ro  known# a c c o r d in g ly ,  by  
s t a r t i n g  anyw hore  on t h e  b o u n d a ry  o f  th o  s u p e rs o n ic  r e g io n ,  th o  
two c l ia r a c t  o r i s  t i c s  a t  th e  p o in t ,  one o f  each  f a m i l y ,  can  be 
t r a c e d  th r o u r ÿ io u t  t h e  r e g io n .  *!q  Im ve  to lc c n  t h e  d e n s i t y  o f  
c l ia r a c t  e r i s t i c s  s t a r t i n g  a t  t h o  wedge s id e  t o  be  p r o p o r t io n a l  t o  
t h e  p re s s u ro  g im d ie i i t  on  th e  w edge s id o .  E ac li c h a r a c t e r i s t i c  i s  
th e n  t r a c e d  t o  t l io  e x t r o u i i t y  o f  t l i o  s u p e rs o n ic  r e g io n  th o  
. lo th o d  in d ic a te d #  F ig u r e  ( 10 ) si-ov/s th o  c l ia r a c t  o r is  t i c s  i n  t h o  
s u p o rs o n ic  r o g io n  ro u n d  th o  wedge a p o x . S in c e  t l io  d i s t r i b u t i o n  
in s id e  th o  s u p o rs o n ic  r o g io n  c o n ta in s  no d is  c o n t i  n u i t  l e s ,  i t  i s  
c le a r  f r o m  o u r  m ethod o f  c o n s t r u c t io n  f o r  th o  c lm ï*a c te r i s t i c s ,  
t h a t  nov/horo  w i l l  tw o  c lm r a c t e r i s t i c s  o f  th o  same f a m i l y  r u n  
t o g e t l io r  t o n g o n t i a l l y .  DTom f i g u r a  (10),  i t  i s  so o n  t l i a t  t l ie  
o l ia r a c t e r i s t i c s  a ro  c lo s o o t  to ^ g o th o r on e i t h e r  s id o  o f  tine wedge 
o d g o , w h o ro  th e r e  e x is t s  a  l a r g o  n o g a t iv o  and  a la r g e  p o s i t i v e  
p ro s s u re  g r a d ie n t  r e s p o c t i v c l y .  as th e  c lm r a c t o r l s t i c s  a ro





























t r a c e d  f r a n  t h e  wedge s id e s  t  o th e  o o i i lc  l i n o ,  t l io  d is ta n c e  
be tw een  c o n s e c u t iv e  c h a r a c t e r i s t i c s  in c re a s e s *  I n  a d d i t i o n ,  t h e r e  
i s  o b v io u s ly  no  e n v e lo p e  o f  e i t h e r  f a u i l y  o f  c l a r a c t o r i s t i c s *  
C o n s e q u e n tly , t l i e  p i c t u r e  o f  th e  c l ia r a c t  o r  i s  t i c s  in s id e  th e  
s u p e rs o n ic  r e g io n  d o c s  n o t  s u p p lo n c n t  t h o  g ra p h  o f  th e  p re s s u re  
g r a d ie n ts  c o n c e rn in g  th e  l i k e l y  lo c a t io n  o f  a  s lio o k  wave#
In  t l i i s  p r o b lo a ,  t h e r e f o r e ,  t h e  lo c u s  o f  t h e  luax itnun  pi* os s u re  
g ra d ie n ts  w l i ic h  i s  a ls o  th e  lo c u s  o f  d i s c o n t i n u i t i e s  o f  ^ 2  
80018 th e  m ost 111%l y  lo c a t io n  i n  t h e  s u p e rs o n ic  r o g io n  f o r  t l jo  
occur]?  once o f  a s lio c k .  'fh e  s u p e rs o n ic  r e g io n  i s  so s m a l l ,  how o v e r ,  
i n  t i l l s  p a r t i c u l a r  p r o b lo a ,  t h a t  i t  was deemed u n p r o f i t a b le  t o  
w o rk  o u t th e  f lo w  b e li ln d  th e  s h o c k , d e te r  l i n e d  by t h o  d i s c o n t i n u i t y  
i n  t l io  p re s s u re  g r a d ie n t .  C o n d it io n s  b d i ln d  a s lio c k  w i l l  be  
exa l in e d  i n  P ro b le m  I I I ,  w lie re  t l io  s lio c k  w ave p i’ e s e n t i s  la i»ge  
a io u g h  t o  iia v o  an a p p r e c ia b le  in f lu o n c o  on th e  f lo w  b e li ln d  th e  
shock# In  t l io  f l a /  w l t l io u t  a s h o c k  v /ave  p r e s e n t ,  th e  f i n a l  
s u b s o n ic  p a r t  o f  th e  f i e l d  do w n s tre am  o f  t h e  y - a x is  and s u p e rs o n ic  
r o g io n ,  lia s  n o t  been w o rk e d  o u t ,  as i t  e n t a i l s  no f  o a t a re s  w h ic h  
w e re  n o t  o n c o u n to re d  I n  t h e  s u b s o n ic  p a r t  o f  t h e  f i e l d ,  u p s t r o a i  
o f  th o  y - a n is  and s u p o rs o n ic  re g io n #  The o b je c t  o f  th e  p re s e n t  
s tu d y  i s  to  a d a p t th e  r e la jc a t lo n  te c l in lq u e  t o  s u i t  t r a n s o n ic  
p ro b lo n s ,  r a t l i e r  t l i a n  t o  o b ta in  c o a p !te to  f lo w s #  I n  o th e r  v /o rd s , 
d e v o lo p ie n t  o f  o o t l io d  i s  deo ied  m ore  im p o r ta n t  t l io n  t l i e  a c tu a l  
c o m p le t io n  o f  f lo w  l i n e s  i n  a  p a r t i c u l a r  p ro b lem #  A s u m ia iy  w l H  
now be g iv e n  o f  th e  r e s u l t s  o b ta in e d  i n  P ro b le n  I#
(90)
SuiXiiair;#
IIow f  o a t  l i r e s  b ro u (ÿ it  t o  11 g i t  i n  t l i i s  p ro b le m  a ro  as  
f o l l o w s :
(1 )  R e la x a t io n  m ethods c a i  b e  a p p l ie d  t o  s u p o rs o n ic  r o g la i s  
a i i o s t  as  e a s i l y  as th e y  can  t o  s u b s o n ic  re g io n s #  ‘H io  r o la x a t io n  
p a t te r n s  in v o lv o  q u a n t i t i e s  c o ip a r a b le  i n  m a g ii tu d e  in  s u b s o n ic  
and s u p o rs o n ic  ro g io ^ is #
(2 )  'The o n ly  d i f f i c u l t y  o n o o u n to ro d  i s  a t  s o n ic  v e l o c i t y ,  w h e re  
th e  r o la x a t io n  p a t t e r n  in v o lv e s  i n f i n i t e  q u a n t i t ie s #  a  m o tliod
i s  o u t l in e d  f o r  t h e  é l im in a t io n  o f  r e s id u a ls  a t  s u c h  nodos#
(3 )  A s u p e rs o n ic  r e g io n  a p p e a rs  ro u n d  t l i e  w edge a p e x , a l t l io u g h  
t h e  f r c o  a t r e a n  h a d i lu m b e r i s  lo w  s u b s o n ic #  T lie  l i i g l i e r  th e  f r e e  
s tre a m  r!ach  Humber, t h e  la r g e r  I s  t h e  s u p o rs o n ic  r e g io n #  a t  th e  
w edge a p o x , t h e  ^!ach Humber i s  i n f i i l t o ,  and  th e  d e n s i t y  a n d  
p re s s u re  s o ro #
(4 )  a l t h o u ^  th e  o b s ta c le  i s  sym l e t r i c a l  a b o u t t h e  y - a x i s ,  t l i e  
f lo w  i s  n o t  s y m m e tr ic a l a b o u t t h i s  a x i s ,  d u e  t o  t h e  s u p e rs o n ic  
r o g io n  a t  th e  wedge apex#
(5 )  IV l t l i in  t h e  a s s u m p tio n  o f  a  f r i c t i o n l e s s ,  a d ia b a t i c ,  
i r r o t a t l o n a l  f l u i d  a o t ic a i ,  t h e r e  i s  no d i s c o n t i n u i t y  a n y w lic ro  i n  
t h e  c a lc u la t e d  f i e l d #  To q u o te  K#17# S i. io n s  i n  r e f e r e n c e  ( 1 1 ) ,  
s u c h  a f l u i d  "c a n  a d m it  shoclcs o n ly  aa an  added  d i s c o n t i n u i t y # "
(o )  iis  shown i n  P a r t  I ,  d i s c o n t i n u i t i e s  c a n  o n ly  a r i s e  i n  
s u p e rs o n ic  re g io n s #  A c c o r d i r ^ l y ,  t l io  p ro s  s u re  g r a d ie n ts  and  
c l ia r a c t  o r i s  t i c  3 a r o  e v a lu a te d  f o r  t l i e  s u p e rs o n ic  r e g io n  ro u n d  t h e  
w edge apox# The lo s t  111%l y  lo c a t io n  f o r  a  s h o c k  i n  t i l l s  r o g io n
(9 1 )
i o  th e  lo c u s  o f  th o  maximum p re s s u re  g r a d ie n ts ,  w l i ic h  i s  a ls o  th o  
lo c u s  o f  d i s c o n t i n u i t i o s  o f  t l io  p re s s u ro  g r a d ie n t#  H ow ever, 
s in c e  th o  s u p e rs o n ic  r é g io n  i s  s l a l l ,  t l i e  f l o w  i s  n o t  w o rk e d  o u t  
b e l l in d  th e  s h o c k  i n  t h i s  p ro b le m •
In  th e  n e x t  s e c t io n ,  wo s l m l l  s tu d y  a  s u p o rs o n ic  f lo w  
p ro b le m , u s in g  r e la x a t io n  m e th o d s , v /iie ro  a  sh o ck  w ave i s  known 
t o  e x is t#  T h is  w i l l  t o s t  th e  a b i l i t y  o f  t h e  to c im iq u e  t o  
p r e d ic t  t h o  p i'o se n ce  o f  a Icnown s h o c k  in  a s u p e rs o n ic  ro g io n #
(92 )
PaOBLEJ II.
SqpePOOüic f lo w  im s t  an I n f i n i t é  D o u b le  JedjEm.
D o s c i ip t io n #  Tho d o u b le  wodgo ha g an a n g le  o f  60^ f a c in g  th e  
s t r e a i i .  Tho v/edgo i e  a t  z o ro  a n g le  o f  in c id e n c e  t o  t l i e  f r o e  
s t ro a ii#  S in c o  t h o  p ro b le m  l o  c y iz i io t r lo a l  a b o u t t i i o  a x is  o f  
sym a io try  o f  th o  w o dgo , o n ly  th o  f  l o i /  p a s t  a se ::ii-v /o d g o  need be 
c o n s id o ro d #  From f i g u r o  ( C ) w h ic h  i s  ta k e n  o u t  o f  r o fo r o n c e  
(D ) ,  v/o oco t lm t  f o r  a s a i i-w e d g o  a n g lo  o f  3 0 ^ ,  a s lio d c  v/ave 
s h o u ld  bo  a t ta c h e d  t o  th e  v/odgo lo s o  f o r  a  f r o o  s t re a m  'îa c li 
Hu!.d)or y  2 .5 5 #  ^ a c c o rd in g ly  v/o have  cliose?! o u r  f r e o  a t  roam  
c o n d i t io n  as
)J z #148 " « 3#00
m gain f ro m  f i g u r e  ( £ . ) ,  i t  i s  seen t h a t  f o r  an  I n i t i a l  la c h  
o r  o f  3# 0 and a s a i i-w e d g e  a n g le  o f  3 0 ^ ,  t l io  a t ta c h e d  s h o c k  
wave a n g le  i s  53^# T liu s , wo a ro  ta c ld . in g  a p r o b le n ,  w lie ro  t l io  
s h o c k  \/avo  p o s i t io n  i s  knov in , i n  o rd e r  t o  e s t a b l i s h  c r i t o r e a  f o r  
p r e d ic t in g  s h o c k  w a ves  u s in g  r e l o c a t i o n  m ethods#
R e la x a t io n  H o tv /w k # Once m o re , u s in g  th e  r o g i l a r  h e x a g o n a l 
n e tw o rk  i n  t i l l s  p i^ b lo m ,  t l ie r o  a re  no i i * r e ^ l a r *  s t a r s  # 
b o u n d a ry  C o n d it io n s #  hs i n  P ro b le m  I ,  t h e  b o u n d a ry  c a i d i t i o n s  
a re
F re e  S tro a m  à m #21^.^
"iodG© S id e  ii =
D e s c r ip t io n  o f  m ethod# Tho f i e l d  t o  b o  o x a l in e d  i s  c o v e re d  w i t h  a  
l io t iv o r k  o f  r e g u la r  hexagons # S in c e  v/o a ro  c o n s id e r in g  th o  lo w o r
(93)
I m l i  o f  t h o  d o u b le  xioA^o, a  v a lu e  \ | / "  3 1 I s  a s s l.^ io c l t o  nodes 
Oil t h e  a x is  o f  s y n i. io t ry  up  t o  th o  wodgo noae and th e n  a lo n g  t l ie  
wodgo s id o #  Tho s t r o a r i l i n o ,  n o t  in f lu e n c e d  b y  th e  v /odgo , i s  
i n f i n i t e l y  f a r  o f f .  l lo v /o v e r ,  as v/o iie o d  o n ly  exam ine  a s m a l l  
c o m o r  o f  th o  f i e l d  n e a r  t h e  xiodgo no  so , a  l i n e  p a r a l l e l  t o  t h e  
wedge a x is ,  a n d  f o r t y  h e x a g c n  s id o  le n g th s  aw ay, i s  o lio s  on as th e  
b o u n d a ry  Xj/ a 0.  So u s in g  n o n - c l i ie n s io n a l  q u a n t i t i e s ,
Assuniod v a lu o s  f o r  \j/' a r c  th jo n  g iv o n  t o  t h o  n o d o s . I n  fo r m in g  
t i l l s  assu iiiod  - d i s t r i b u t i o n ,  i t  s h o u ld  bo r o io h b e r o d  t l i a t  n o a r  
th o  v/edgG s id e  a n d  s u f f i c i e n t l y  f a r  f r o m  t h o  n o s e , t h o  f lo v /  v / i l l  
bo p a r a l l e l  t o  t h e  wedge s id o .  T h is  f o a t u r e  i s  in l io r o n t  i n  f lo w  
p a s t  un i n f i n i t e  w e d g e . F ig u r e  ( / /  ) i l l u s t r â t  os th o  v a lu e s  o f
assumed a t  th e  n o de s  n o a r  t h e  wedge n o s e .  Tho same q u a n t i t ie s  
ai%  c a lc u la te d  a t  th o s e  no dos  as v /o re  o u t l i n e d  i n  P ro b le m  I .  
i s  r o a d  o f f  t h o  3 u r> o ro o n ic  p a r t  o f  f i g u r e  ( / ) ,  s iln c c  t i l l s  t i  lo 
we a ro  d e a l in g  w i t h  p e r  s o n ic  v e l o c i t y  i n  t l i e  f r e e  s t re a m . A 
r e la x a t io n  p a t  t o r n  w as th e n  w o rk e d  o u t f o r  o a c li  n o d e  i n  o rd e r  t o  
e l i i i n a t o  t l i e  r e s id u a l  a t  t l i e  p o in t .  One© a g a in  i t  v/as fo u n d  
t l a t  t l i e  so p a t te r n s  in v o lv e d  S K ia ll q u a n t i t i e s ,  a l t l io u g ^ i s u p o rs o n ic  
c o n d i t io n s  e x is t e d  a t  t l io  n o d e s . I i  p ro b le m  I ,  wo i H u s t f a t o d  
t l io  r e la x a t io n  p a t t e r n s  f o r  a I i i^ g i s u b s o n ic  n o d e , and a Ian 
s u p o rs o n ic  n o d e . Jo now i l l u s t r â t o t l io  r o l a x a t i o n  p a tto rr* . f o r  a 
l i ig h  s u p e rs o n ic  n o d o . Tho  node c iio s o n  i s  th e  ono w i t h  \J/" s . 902 
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t- .9 0 2 .9 3 0 .9 1 2 .8 8 7 .8 7 5 .8 9 4 .% 4
X . 3 .2 8 2 .9 7 3 .4 2 3 .4 6 3 .3 7 3.0G 2 .7 7
-  M 134 122 217 227 203 139 91
- .0 2 3 - .0 1 0 .0 1 5 .0 2 7 .0 0 3 .0 2 2
(4 0^"  ^ 10 . 7 .3 1 .0 2 .3 7 .3 .3 4 4 .3
4 .7 4 .7 4 .7 4 .7 4 .7 4 .7
.4 4 0 .1 0 2 .2 4 5 .6 9 5 .4 1 3 .2 0 5
vvoji th o  t a b lo ,
?■ Is T i^  I
and  ^  X  . s 1 9 .0 5
X, ^
S u b s t i t a t l i g  b 1,030 v a l  non I n  ocjL iaü ion (1 9 )  u i t l *  ^  = 1 .4 ,  wo g o t
8 ‘^ o « ~ 1' ) • M
a lo o  o u b s t i t u b ln g  a p p ro p n ^ la to  v a lu o s  fP o : i t h o  t a b le  i n  o q u a t io n  
(2 0 ) v / l t h  ^  z 1 *4  and 1 = 1 , \/o  g o t
8 * 2  = 4 - 0 . 0 3  S
E q u a t io n  (2 0 ) v/itli i  s 2 t o  G i n  t i u ^  g iv e s  v a lu e s  o f  8  ' g t o  8 g 
co  i]m ra b lo  t o  6   ^i«  I n  t l i i a  p a t t e r n ,  t h o  a v e ra g e  v a lu e  o f  f ’ (U ) 
a t  t L o  s ix  e o rn o rs  i s  -  1G3, and t r ,o  g r e a te s t  a u n o r ic a l  v a lu e  a t  
any  c o m e r  i s  -  2 2 7 . Do s p i  t o  t i l l s ,  o f  t l i o  tv/o t o r  is c o n t r ib u t in g  
t o  th e  r a t i o  , th e  t o n  1 v o l v l i g  f  * ( iO  lia s  a v a lu e  o f6Fo
W o
-  2 . 1 ,  v/hllst the other t o n  ^  ^  as a value o f  -h  1 9 .1 .  
Oohsoqaontly, In tills suporsonic pattern, tho tor i i ivolviiig 
f H d )  is actually tno s -aller nunorloal contribution to ^
o Yo
d e s p i te  t i io  h i - ÿ i  v a lu e s  o f  f  * (h )  a t  t  o c o r n o r s  o f  t h e  h e xa g o n .
(9G)
T i l l s  I s  fcLe nodo  i n  t h i n  p r o b lo n  i n v o l v in g  th o  i i i j i o s t  n a a o r ic a l  
v a lu e s  o f  f * ( H ) ,  and  t 'n u s  i t  i s  o v id o n t  t i i a t  a l l  t h o  p a t te r n s  i n  
t i l l s  sa p o r s o n ic  i^ ro b lo n  w i l l  in v o lv e  oi m i l  n u m b e rs .
U s in g  th o s e  r e l a x a t i o n  p a t t e r n s ,  th e  r e s id u a ls  w o re  o l i i i n a t e d
us f a r  as p o s s ib lo .  T i l l s  r e v is e d  \j/- d i s t r i b u t i o n  was used a s  a
b a s is  f o r  a now o s t in u t i o n  o f  th e  s tin o a a  f u n c t io n  f o r  a n e tw o rk
tw ic e  a s  f i n e ,  v/'noro a -  — # T lio  r e s id u a ls  w e re  th e n  w o rke d  o u t
30
as b e fo r e ,  and  o l i n i im t o d  w i t l l n  l i  l i t  a e i t l i o r  b y  u s in g  
r e la x a t io n  p a t t e r n s ,  o r . b y  c lm n r^b g  th o  v a lu e  o f  Xj/’ a t  a n o d e , 
and w o rk in g  o u t th o  nav  c o : x l i t io n s  f r o i  f i r s t  p r i n c i p l e s .  a 
d i s t r i b u t i o n  i s  th u s  a r r i v e d  a t  f o r  t i l s  p ro b le m , w h ic h  s a t i s f i e s  
th o  f i n i t e  d i f f e r e n c e  a p o r o x l i a t i o i s .  T lio ro  i s  no  d i s c o n t i n u i t y  
o n yv /Iie ro  i n  t h o  f i e l d ,  a l t h o u g l i  t l io  n o t  i s  n o t  f i n e  o n o u r ji t o  
o x a a l i io  c o n d i t io n s  p r o p e r ly  a t  th o  n o s e .
U s in g  t h e  d e r iv e d  r e la t io n s ^ i ip s  c o n n e c t in g  t h e  p a ra m e te rs ,  
t l io  d e n s i t y ,  m 'a s s u re  a^id l o c a l  la c li bum bcr a r e  c a lc u la t e d  a t  
e v e ry  n o d e . I ig u r o  ( / 2  ) oliows th e  l iz io s  o f  c o n s ta n t  !a c h  
b u i.ib e r, w h ic h  o f  c o u rs e  a re  a ls o  l i ^ e s  o f  c o n s ta n t  d e n s i t y  and  
p r e s s u r e .  The s t ro a . i i  l i n e s  a re  a ls o  d ra w n  i n  f o r  th e  f lo w  n e a r  
th e  wedge n o s e , and t h e  e x t r a c t i o n  i n  t l io  s tre a m  tu b e s  duo  t o  t i i e  
c o m p re s s io n  i s  q u i t e  n o t lc o a b lo .  i l t n o i g l i  i t  i s  d i f f i c u l t  t o  
p i c t u r e  p l i y s i c a l l y  how t h o  wed go ca .i a f f e c t  t h e  f l a v  i n  t h o  im n n e r  
shown in  f i g u r e  ( / ^ ) ,  i t  i s  n o t  s u r p r i s in g  t o  f i n d  t h o  
r e la x a t io n  te c h n iq u e  g i v in g  s u c h  a f lo i ; ,  b e ca u se  i f  we ha d  
c a r r ie d  o u t a s i - i i l a r  i n v e s t i ^ p . t io n  f o r  s u b s o n ic  flo v7  p a s t  t l i o  
























t h o  r iT O  p ic t a r o *  The o n ly  d lT f e r o  ic e  i n  th e  te c i in lq u o ,  a p p l ie d  
t o  s u p c i*o o n ic  an d  s u b a o a ic  c o n d i t i o  is ,  i s  t h o  use  aade of 
f i g u r e  ( /  ) •  I n  th o  s u b s o n ic  c a s o , th e  f l a /  i s  a c c o le r a to d  b y  • 
t h o  T/edge, and so lo  a p p ro a c h e d  i n  f i g u r e  ( / ) b y
a s c e n d in g  th e  le f t - lm n d  b ro n c l i  o f  t l i e  c u r v e .  I n  th e  s u p e rs o n ic  
c a s e , th e  f lo v /  i s  d e c e le r a te d  b y  t h e  w edge, a n d  so t h i s  t i in o ,
^ r ia x  a p p ro a c h e d  b y  a s c e n d in g  th e  r i g l i t - î i a n d  b r a n d i  o f  th o  
c u r v o .  S in c e  b o th  b ra n c iio o  o f  t h e  c u rv e  a re  c o n t in u o u s ,  t l ie r o  
see  IS no re a s o n  t o  e x p e c t a  d is c o n t  i n u i t y  o f  th e  \j/- d i s t r i b u t i o n  
i n  t h e  s u p e rs o n ic  f l a v  p i c t u r e ,  vnion th e r e  i s  no  d i s c o n t i n u i t y  
i n  t l i e  s u b s o n ic  floa p i c t u r e .  'There  i s ,  l io w e v o r , u  f u n d a ie n t o l  
d i f f e r e n c e  b e tw e e n  th e  s u b s o n ic  a n d  s u p e rs o n ic  c a s e s . I t  i s  
t i i a t  a s u p e rs o n ic  v e l o c i t y  . la y  j u i p  i n  v a lu o  a t  an y  p o in t ,  
a c c o r d in g  t o  r e la t io n s h ip s  d e r iv e d  i n  P a r t  I  f o r  a  d i s c o n t i n u i t y .  
d e v e r th e lo s Q ,  th o  r e s u l t i n g  f lo w  i a  le d ia t o ly  b e i i in d  th e  lo c u s  
o f  p o in t s  w h e re  t'no d i o c o n t i n u i t i o s  o c c u r ,  n u s t  h o t  v i o l a t e  a n y  
o f  th e  b o u n d a ry  c o n d i t io n s  o f  th o  p ro b le m , 4 iC c o rd in g ly ,  we m us t 
now o x a n ln o  t h o  sa p o r s o n ic  f lo w  p i c t u r e ,  m id  lo c a te  p o in t s  w lio re  
s u c h  d i s c o n t i n u i t i e s  oi^o l i k e l y  t o  o c c u r .
P re s s u re  g ra d ie n ts #
S in c e  th e  p ro b le m  i s  one o f  c o a p i’ o s s io n  o f  a  s u p e rs o n ic  f lo w ,  
th e  p re s s u re  g r a d ie n ts  a r e  e v e ry w h e re  p o s i t i v e .  Those p o s i t i v e  
p re s s u re  g r a d ie n ts  a re  c a lc u la te d  a lo n g  th e  s t r e a i  l i n o s  u s in g  
f i g u r e  ( ( % , ) .  The l o c i  o f  c o n s ta n t  p o s i t i v e  p re s s u re  g r a d ie n ts  
a re  a p p ro x im a to ly  s t r a i ^ i t  l i n o s  p a s s in g  t . . ir o u g li  t i io  wedge n o s e . 
T iie  l i n e  o f  r.Tuxiuua g r a d ie n t  i s  i n c l i n e d  a t  a n  a n g le  o f  52^ t o
(99)
t h o  f r e o  s tro a m  d i r e c t io n #  V / i t h i r i  t h e  a c c u ra c y  o f  th e  f i n o a t
n o t  used  (A  = —i ) ,  t h e r o  a n o e a rs  t o  b o  no  d i s c o n t i n u i t y  i n  t l ie
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.g raph  o f  p re s s u re  g r a d ie n t  a g a in s t  d is ta n c e  a lo n g  a s t r o a i  l i n e ,  
as  d is c o v e re d  i n  P ro b lo m  I *  d o n s o q u o n tly  t h e  m ost l i k e l y  
lo c a t io n  f o r  t h e  a p ixsa ra rico  o f  a s lio c k  i s  th e  l i n e  o f  i ia x i iu i i i  
p o s i t i v e  p ro s s u ro  g r a d ie n t ,  w l i ic h  passes  t l i r o u ^  t h e  w edge n o se  
and  i s  i n c l i i o d  a t  52^ t o  t l i e  f r e e  s t r o a i .
G lio r ac t  o r  i  s t i e s .
a t  e v e ry  n o d e , v;o know  th o  ’ îu c li dum ber and s t r o a : i  l i n e  
d i r e c t i o n ,  and lie n co  th e  d l i 'o c t io n s  o f  th o  c l ia r  a c t  e r i s t i c s #  
I ' lg a p c  ( /3  ) 3 nows th e  tw o  f a i l l i o s  o f  c h a p a o to p ls t ic a ,  f a n i l l o  a  
and f a m i l y  B , w h e re  th o  d e n s i t y  o f  c l i a r a c t e r i s t i c s  o f  f a i i l l y  a  
c r o s s in g  any s e c t io n  o f  th e  s tre a m  l i n o  CD ( a .9 0 )  i n  
f i g u r e  ( 13 ) ,  i s  p r o p o r t i o n a l  t o  t h e  p re s s u re  g r a d ie n t  a t  t l io  
s e c t io n  o f  CD i n  q u e s t io n .  'The d is ta n c e  b e tw e e n  n e l^ ib o u r in g  
c l J i r a c t e r i s t i c s  o f  f a m i l y  A in c re a s e s  as  t l i e  wedge n o se  io  
a p p ro a c h e d . O r, c o n v e r s e ly ,  c h a r a c t e r i s t i c s  w i t h  a w id e  s p a c in g  
n e a r  th o  n o s e , c lo s e  t o g e th e r  as t l jo y  a p p ro a c ii CD# Hi© l i n e ,  
on w h ic h  th o  c l ia r a c te x ' is t ie s  c o n v e rg e , i s  a p p r o x i im te ly  t h e  
- x ix i- iu u  p re s s u re  .g ra d ie n t l i n o .  I n  a  co . ip re s s io n ,  ol* c o u rs e ,  
t i l l s  i s  a n a t u r a l  co n se q u e n ce  o f  th e  m e thod  u se d  f o r  s p a c in g  

















( lO l )
I t  w o u ld  appoop i n  t i l l s  p r o l i lo - i ,  t h e r e f o r e ,  t h a t  th e  l i n o  
o f  m oxiaum  p o s i t i v e  p ro s s u ro  g r a d ie n t  i s  t h e  m ost l i k e l y  
l o c a t io n  f o r  th e  o ccu n ^e n ce  o f  a shock#  I t s  i n c l i n a t i o n  o f  52^  
t o  th o  f r e o  s tre a m  d i r e c t i o n  a g re o s  v a r y  w e l l  w i t l i  t h e  In o tz i 
s h o c k  wave a n g le  o f  53^# Iro m  f i g u r e  ( £  ) ,  we see t l i a t  t h e  
o b l iq u e  s lio c k  wave i s  a t  t i ie  a n ^ e  n e c e s s a ry  t o  t u r n  a  p a r a l l e l  
s u p e rs o n ic  f lo w  o f  M -  o#0  t î i r o a ^ ÿ i an a n g le  o f  30®, w i t h  a 
r e s u l t i n g  f lo w  p a r a l l e l  t o  th o  wod.go s id e  o f  l o c a l  la ch  dum ber 
1 .4 #  C o n s e q u e n tly ,  s u c h  a f lo w  i s  ta k e n  t o  b e  th e  s o lu t ic x i  to  
t h e  p ro  b io . 1,  when a s h o c k  wave i s  p ré s e n t#  T l i is  p ro b le m  lia s  
th u s  in t r o d u o o d  th o  s im p le s t  ty p o  o f  s lio c k  w ave , w h o re  th e  
r e g io n s  on e i t h e r  s id e  o f  th e  o t r a l ÿ i t  s h o c k  c o n ta in  u n ifo r m  
p a r a l l e l  f lo w #  bo c a lc u la t io n s  a i*o  t h e r e f o r e  n e c e s s a ry  t o  
o v a lu a te  th o  f lo w  b e h in d  t l io  s h o c k  i n  t l i i s  case#
I n  gen o r a l ,  l io w e v o r ,  onco  t l io  s lio c k  w ave has boon 
d e te c te d ,  th e  f lo w  b o n in d  th o  o lio c k  w i l l  l ia v e  t o  b e  d o t  o r. lin e d #  
W ith  t i l l s  i n  v ie w , wo now o v a lu a to  th e  c lia n g o  i n  th o  f lo w  
p u r a n o to r  yj i n  p a s s in g  t l i r o o g h  a s h o c k  w a v e , and c h e c k  th e  
r e s u l t  f o r  th e  s im p lo  s t r u i ^ i t  s h o c k  o f  t l i e  p re s e n t  p ro b le m #
(10 2 )
E x a m ln m tlo a  o f  e q s id i t lo n a  on tw o  s i  lo s  o f  a  sho ok  wave# 
TbaflPmodJiianiloal c o u a id g ra t io o B #
Con s i  d o r  a  u n i t  mass o f  gas# I f  i t  i»GCoivos a s m a l l  
q u a n t i t y  o f  h o a t  Q., th e n  th e  l o t  Ia \7  o f  T lo a ra o d y n a iilc s  s t a t e s  
t l i a t
q 3 dE4- l> iv
w W ro  dE i s  th o  in c ro a o o  o f  i n t e r n a l  e n o rg y  o f  th o  g a s , and pdV 
i s  t h o  w o rk  done on th o  gas c o i* ro s p o n d in g  t o  an e x p a n s io n  dV 
i n  vo lum e#
S in e  G
dK s CydT
w h o re  i s  t h e  s p o c i f io  h e a t o i' th e  gas a t  c o n s ta n t  v o lu a o ,  
and dT i o  th e  i i ic r e a s o  i n  t a ip e r a t a r e ,  we ha ve
Q - CydT 4- pdV#
I f  we w r i t e
Q s TdS
w h e re  dS i s  t h e  d i f f e r e n t i a l  o f  t l i o  e n tro p y  8 ,  th e n
f  «"-î + ü^v
U s in g  t l io  ]> e r f© c t gas la w  pV s HT, w h o re  t l i e  gas c o n s ta n t  H i s
g iv e n  b y  th e  r e l a t i o n  H -  Cp -  Gy, we lia v o
dS » dT , ( Ï - l)dV ,
Ï Ï7  ^  ^  T
w h o re  Gp i s  th e  s p o c i f io  h o a t  o f  th e  gas a t  c o n s ta n t  p ro s s u ro ,
and  ^  i s  t h e  r a t i o  o f  t h o  s p e c i f i c  h e a ts #  I n t e g r a t in g  t l i i s
c l i f f  o r  o n t l a l  e q u a t io n ,  wo g o t
«V
(103)
v/Uero th e  s o f r io  o d e n o te s  c o n d i t i o  i s  a t  z e ro  v e lo c i t y #  S in c e  
we a re  d e a l in g  w i t h  u n i t  muss o f  .gcs, p  V % 1 , w h ic h  a lo n g  w i t h  
th o  p o r f o c t  gas la w ,  t r a n s fo rm s  t l i o  l a s t  r e o u . l t  i n t o
^   ( ^ 8 . )
r  r o
Tow on th o  lo f t - lm n d  s id e  o f  t h e  o l.o c k  w a v e , tJ ie  e n t ro p y  a t  
z e ro  v e l o c i t y  i s  Hokvovor, c o r h l i t io n s  up  t o  t h o  sh o ck  a re
i s  e n t r o p ie ,  and so t h e  e n t ro p y  i s  e v o i'yu d io ro  i n  t h i s  f i e l d #  
c c o r d in g ly ,  fro m  e q u a t io n  ( 2 3 ) ,  th e  a d ia b a t i c  rjas lu w  i s
th e  s h o c k  w a v o , th e r e  i s  a d i s c o n t i n u i t y  i a  t h o  e n t r o p y ,  and
i t s  v a lu e  r i s e s  f ro m  8 .  t o  C o n d it io n s  on t h e  r ig 3 it- * im n du o
s id e  o f  th e  sh o ck  oi.»o i s  on t r o p i c ,  and so v/o lia v o
p  —  J E g .  I
“ f r  —  ^  .
r  r  0
ik t a  s h o c k , h o a t o ie rg y  i s  p ro d u c o d , and so th o r o  i s  a  g a in  i n  
e n tro p y #  Y e t t l io  f lo w  i s  o v e ry i'/ I io ro  u d iu o a t i c ,  f o l lo v / in g  one 
a d ia b a t ic  l i n o  ( k ^ )  up t o  t h o  sL iock, and c îm ig ln g  o v o r  
d ls o o n t in u o u s ly  to  a second a d ia b a t ic  l i n e  (k g )  a t  t l i o  sL iocîî, 
w h ic h  i s  o f  z e ro  th ic îa ie s s #  T h u s , a l t h o u g l i  i s  e n t r o p ie  flo v?  i s  
a d ia b a t i c ,  a d ia b a t ic  c o n d i t io n s  a r c  n o t  i i o c o s s a r i l y  is o n t r o p ic #  
.mi und o r  s ta n d in g  o f  t l ie  th o rn o d y n a  l i c s  in v o lv e d  i s  n o c e n s a ry  in  
o r d e r  t o  c a lc u la t e  th e  c l ia ig o  i n  th o  f l a v  p a r a io t e r  a t  a  
s h o c k  wave#
(104)
Glxango i n  t n o  f lo w  w r a m o to r  due  t o  a d l o o o n t i im i t y  I n  t l io  f l c n / # 
Tho f lo v /  p a ra m o to r  was a * o v io u s ly  d e l ' in o d  as
y  =  _ G L
PoC^A"-
”/e s l i a l l  d e n o te  c o n d i t io n s  u p s tre a m  o f  th o  s h o c k  b y  t l io  s u f f i x  1 , 
a M  c o n d i t io n s  J lo w n s tro a i o f  th o  s h o c k  b y  th o  s u f f i x  2# S ir ic e  
no f l u i d  i s  d o s t ro y o d  o r  c r e a te d ,  ( j / l i )  o u s t  liu v o  t l io  sane v a lu o  
on th o  tw o  s id e s  o f  th o  aI:oc2:, and  so
2 y Z Z\
- ( po Co / 1
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h i i ic o  f i g u r e  ( C ) g iv e s  p ro s s u ro  and l o c a l  la o li num ber on t l i e  
tw o  s id e s  o f  a  s h o c k , i t  w o u ld  be  m ore c o n v e n ia i t  i f  t l io  r a t i o  
^ w o r e  exproG ood i n  t o m s  o f  t l io s o  p a r a ie t e r s .  ^ a c c o rd in g ly .V
2 /  y  ^ Z o
u s in g  B e r n o u l l i  ' s e q u a t io n  o ~^{0 ^  V m_- c ^ ^ ,  and t h e  a d ia b a t ic  
gas la w  -  ] : ,  on b o th  s id e s  o f  th e  s h o c k , we o b ta in
P
=  h h





TÎ10 c o n n e c t io n  b e tv /o o n  d e n s i t y  and  p ro s s u ro  on  tw o  o id o s  o f  a 
d i s c o n t i n u i t y  i s
D
; l i . i i . i u b ln g  -P* ■ bo tv /co n  t l ie s e  Ixinfc W o  I’ o o a l ta ,  th o  r a t i o  o f  t iio
P z
(105)
f lo w  p a r  Ol.lot o rs  i n  t o m s  o f  t l i o  p ro s s u ro  and la c l i  J u n b o r  on t l io  
tw o  s id e s  o f  a  d i s c o n t i n u i t y  i n
1 ' -------------- (29.)
^1  (  y  +  l )  -i- (^~ l)
P u t t in g  y  z 1 *4 , t l iG  v a lu o  f o r  a i r ,  v/e g o t
P ~ (TfTr)! ! t
i/o s i a l l  now ch o c k  t i l l s  fo x M u la ,  b y  s u b s t i t u t i n g  t l io  c o n d i t io n s  
o f  t i io  p re s e n t  p i*o b lo  i .
Check f o r  i o m u l a  ( 3 0 ) .
J s ia g  f i g u r e  ( G  ) ,  wo g o t  t i io  f o l l o w in g  v a lu e s ,  f o r  u  
p a r a l l e l  f lo \ 7  o f  l o c a l  ia c l i  .iuimbor 3 .0  Im p in g in g  o y n im o tr i c a l l y ,  
on a n  i n f  i n i  to  d o u b le  wodgo o f  so  li-^w odgo a n g le  3 0 ^ ;
-1 = 3 .0 ,  M„ s  1 .4 ,  O' = 5 3 ° ,  / P 2 \
V  ^S u b s t i t u t in g  th o s e  v a lu e s  i n  o q u a t io n  ( 3 0 ) ,  v/o g o t  —h  -  3 .0 9 .  
. ii ls o  £von f i f j i r o  ( I I  ) ,  xi'cn t h e  s t r e a i  i s  p a r a l l e l  t o  t h o  wodgo 
s id e ,  v/o h a ve  a t  a n o d o ,
^  j  i  -  Z  =  • 0 0 / 3 .
‘H i is  i s  th e  v a lu e  a t  a l l  n o d e s  i n  th e  f lo w  ] p a r a l lo l  to  t l i o  wedge 
s id e s ,  d o w n s tre a i o f  th e  s lo c k .  dow J ip s t r o a i  o f  th e  s lio c k  w h e re  
n  3 1 ,  v/o had  2 s 1 4 .OU. u s in g  ti: io  c a lc u la t e d  v a lu o  f o r  th o
ratio of tlio flow para met or s ,  wo i  iiediatoly obtain 2 » 4 3 .4 .
b/iX
vJonsoquontly, cia/nstroa..i of the shock,
s 4 3 .4  X . VÛ13 3 .0 5 3 5 . 
slag figure ( | ), we got ^  = 1 .4 7 ,  and honco from fi;^ire ( 3 c t ) ,  
wo o b ta in  ' s 1 .4 0 .
Tills la a saltablo chock for f o r m  la ( 30 )  in tho case of a
(1 0 6 )
S t r a ig h t  s h o c k  w ave a o p o i 'a t in g  tv /o  a n i f o m  p a r a l l e l  f lo w s #  Vi© 
a re  now i n  a p o s i t i o n  t o  c a lc u la t o  th e  c iia n g o  i a  t l i o  f lo w  
p a ra ; io t© r  j y  w lim  a o t ro a a  l i n e  pass os t l i r o a ^ i  a  s h o c k  wavo#
i I
_ a  s o ia ia ry  w i l l  now be g i v ^ i  o f  t l ie  r e s u l t s  o b ta in o d  i n  
P ro b la u  I I #
Sumnor:/#
F o a tu re o  o s ta b l is l io d  i n  t i l l s  p ro b le m  a re  as f o l lo w s  2-
(1 ) U s in g  r e la x a t io n  m o tu o d s , a  s o lu t i o n  i s  o b ta in e d  f o r  t l i i s  
s u p e rs o n ic  p ro b le m , w i th o u t  a n y  d i s c o n t i n u i t i e s  i n  th o  f i o l d #  
D o ta i lo d  e x a m in a t io n  was n o t  g iv e n  to  t h e  wedge n o s e , c o m p a ra b lo  
t o  t h o  o x a - i i in a t io n  o f  t l i©  wedge a p e x  i n  P rob lem  I#
(2 ) The r e la x a t io n  p a t  t o m s  f o r  th e  s u p e rs o n ic  n o de s  c o n ta in  
q u a n t i t io s  as s m a ll as t i io s o  in  t h o  s u b s o n ic  p a t t e r n s  o f
P ro b ie n  I#
(3 ) The lo c u s  o f  h lrg h e s t p o s i t i v o  p ro s s u ro  g r a d ie n t  was fo u n d  
t o  be a  l i n o  t I ) r o u ( ÿ i  th e  wedge n o so  and in c l in e d  a t  5 2 ^  to  t h e  
f r e e  s tro a ^ i#  T h is  was i n  good a g ro o m e n t w i t h  t h e  known s h o c k  
wave p o s i t io n  o f  63® i n  t l i i s  p ro b le m #
(4 )  W ith  time Siiock w ave e s t a b l is l io d  i n  t h i s  p o s i t I m ,  th e  f lo w
i s  u n ifo r m  and p a r a l l e l  up t o  t h e  o l io c k ,  w l^e reupon i t  t u r n s  s l ia r p ly  
t l i r o u g h  t h o  sem i-w edge  a n g le ,  and f lo v /s  a g a in  u n i f o r m  and  
p a r a l l e l  b u t  a t  re d u c e d  v o l o c i t y  a lo n g  th o  wodgo s id e s #
(5) S in c e  th e  f lo w  i s  uniform and p a r a l l e l  on iX)th s id e s  o f  t l i e  
s h o c k , t h e  e n tro p y  m us t ha ve  th e  c o n s ta n t  v a lu o  ovo r^/w horo  i n  
th e  r e g io n  b e fo re  th e  s i io c k ,  and  th e  c o n s ta n t  v a lu e  e v e ry w h e re
(1 0 7 )
b e ii in d  th e  slioaU# Thus e v e ry  stpea:m l i n o  o x p e r io n c o s  t h e  saiao 
g a in  i n  e n t ro p y  (S ^ *  -  8 ^ ) a t  t h e  s lio ck#  a c c o r d in g ly ,  th o  r a t i o  
o f  th o  f lo w  p a ro im o to rs  on t h e  tw o  s id e s  o f  t h e  s h o c k  has
a c o n s ta n t  m lu o  a t  e v e ry  p o in t  offi t h e  s h o c k  w avo# F o rm u la  (3 0 ) 
g iv e s  th e  r o q u i r o d  r a t i o  o f  t h e  f lo w  p a ra n o te rs #
I t  \7 0 u ld  seam, t  l ie r  o f  o r e ,  t lm t  v/e h a v e  t a c k le d  a  pot^oblaa 
w i t h  a îdow n sh o ck  wave p o s i t i o n ,  u s in g  r o la x a t i o n  m e th o d s , 
w i t h  some m easure  o f  succoss#  Tho s iio c k  w avo i s  n t r a i ^ i t ,  
Iiow evG i', and so th o  f lo w  b o li in d  th e  s iio c k  r e q u i r e s  n o  w o r k in g  
o u t#  A c c o r d in g ly ,  we now s tu d y  a s u p e rs o n ic  f l o w  p ro b le m , w lie ro  
a c u rv e d  s iio c k  w ave  i s  l i k e l y  t o  o x ia t#
(108)
PliOi3LE-î III.
S u p o p so a ic  F lo w  i n  a P B O -d im o a s io a a l G o a v o rg ln g
I lo z z le ._______________ _
.
D e s c r ip t io n #  A p a r a l l e l  f r e e  s tre a m  o f  la c h  îu n b o r 1 .7  f lo w s  f ro m  
a  s t r a i ÿ i t  w a l le d  n o z z le  i n t o  a co n  v e r g in g  n o z z le #  Tho c o a p lo to  
n o z z le  i o  s y n a o t r i c a l  a b o u t i t s  a x : ia , and so u e  n e e d  o n ly  
c o n s id e r  th o  se  l i - n o z s le #  Time c o n v o rg in g  n o z z le  s id e  i s  
p a r a b o l ic  w i t h  o q u a t lo n  y  « w lie ro  t l i e  o r i g i n  i s  time
p o in t  o f  i n t e r s e c t io n  o f  t h e  s t r a i  ÿ i t  w a l l  and t l i o  c u rv e d  w a l l ,  
t h e  x - o x ia  l i e s  a lo n g  t h e  f r e e  s tre a m  d i r e c t i o n ,  and  th e  y - a x is  
p o in t s  i n t o  th e  n o z z le  a t  r i g h t  a n g le s  t o  t l i o  f r e e  s tre a m  
d l r o c t io n #  T l i is  n o z z le  a im pe p o sse sse s  a  d i s c o n t i n u i t y  i n  t h e  
s lo p e  o f  th e  ta n g e n t  a t  th e  o r i g i n ,  s in c e  t h e  s lo p e  jum ps 
d i s  c o n t in u o u s ly  f r o m  0 t o  Vo do  n o t  in t r o d u c o  th o  v e r y  w eak 
s h o c k  wave s t a r t i n g  u t  t h e  o r i g i n ,  w h ic h  seems n e c e s s a ry  t o  t a k e  
t h e  f lo w  p a s t  t h i s  d i s c o i i t i n u i t y  i n  g r a d i o i t  o f  t h e  n o z z le  w a l l#  
n i t l i o u t  v e ry  c a r e f u l  i n v e s t ig a t io n  o f  th e  o r i g i n ,  u s in g  an  
e x t i ’o n o ly  f i n e  n e t ,  th o  r e la x a t i o n  to c l in lq u e  i s  u n a b le  t o  d e t e c t  
s u c h  a d i s c o n t i n u i t y  i n  g r a d ie n t#  a c c o r d in g ly ,  t h e  f lo w  in s id e  
t l i e  n o z z le  i s  o b ta in o d  u s in g  th o  r e la x a t io n  te c lm iq u e ,  w i t h o u t  
p re v io u s  in t r o d u c t io n  o f  a s h o d :#
S in c o  t l i o  f r e o  s tre a m  la c h  Hurmbor i s  1 # 7 , and t h e  
c o n v e rg o ic e  o f  th e  n o z z le  i s  a p p r e c ia b le ,  th e  f l a v  tu b e s  q u ic ld y  
r e a c h  t h e i r  m inim um  s e c t io n ,  t l i e  tu b e  n e x t  th e  n o z z le  w a l l  
r o a d  l in g  i t s  m inim um  s e c t io n  f i r s t ,  and t h e  tu b e  a lo n g  t h e  a x is
(109)
o f  sy im n e try  o f  th e  n o z z le  r e a c h in g  i t s  m in im um  s e c t io n  la s t#
The s o lu t io n ,  w i t h in  o u r  a s s u m p tio n s  o f  a  c o m p re s s ib le ,  s te a d y ,  
i r r o t a t i o i i a l  f l u i d ,  c a n n o t bo  c o n t in u e d  beyond th o  lo c u s  o f  
p o in ts  v /h e re  th o  l o c a l  :ia ch  Number bo con os  u n i t y #  A c c o r d in g ly ,  
th e  c o n v e rg in g  n o z z le  i s  t o r  l in a te d  a t  t h e  p o in t  w h e re  s o n ic  
v e l o c i t y  i s  re a c h e d  on th e  n o z z le  v / a l l ,  i n  o rd e r ,  t o  a l i a ?  th e  
f l u i d  t o  d iv e r g e  beyond t l i i s  s t a t io n #  iVe a re  n o t  in t e r e s t e d  i n  
th e  f lo w  beyond th e  s o n ic  l i n o  i n  t h e  n o z z le  e x i t ,  s in c e  a n y  
s lio c k  p re s e n t  m ust o c c u r  b e fo r e  th e  s o n ic  l i n o  i s  ro a ch o d #  
lïo v /o v o r, t h e  p o in t  on th e  n o z z le  v ; a l l  w h e re  s o n ic  v e l o c i t y  i s ,  
re a c h e d , i s  n o t  known a t  th e  s t a r t  o f  t h e  c a lc u la t io n #  
.a c c o rd in g ly ,  th e  f lo w  p a t t e r n  i s  w o rke d  o u t  i n  t h e  c o n v e rg in g  
n o z z le ,  and th e  n o z z le  i s  te r m in a te d  a t  t h e  a p p r o p r ia te  p o s i t io n  
a l t e r  th o  c a l c u la t io n  1ms boon c a r r i e d  o u t#  The f r e o  s tre a m  
c o n d i t io n  i s
yj m .4 4 3  M •  1#70
P l i y s ic a l l y ,  t l ie  p ro b le m  i s  r a t h e r  a r t i f i c i a l ,  b u t  i t  i s  a d e q u a te  
f o r  o u r  %Kirpo80, i n  t h a t  i t  g iv e s  a s u p e rs o n ic  r e g io n  i n  w l i ic h  a 
g ra d u a l c o m p re s s io n  o ccu i’ s#
ie la x a t io n  n e tw o rk #  Because o f  th e  c u rv e d  n a tu r e  o f  t h e  
c o n v o rg in g  n o z z le  w a l l ,  i r r e g u l a r  s t a r s  c a n n o t bo a v o id e d  n e a r  
t h o  n o s z lo  b o un d a ry#  In  v ie w  o f  t l i i s ,  wo lia v e  c l io s m  th e  
s i i p l e s t  ca se  o f  t h e  ’ c o l la p s e d *  hexagcm , v i z .  t a n ^ %  1 ( s q u a re  
n e t ) .
E s t im a t io n  o f  i r r e r s u la r  s t a r s .  I t  i s  d i f f i c u l t  t o  g iv e  a h a rd  
and  f a s t  r u l e  f o r  e v a lu a t io n  o f  i n o g u l a r  s t a r s ,  d u o  to  t l i e  many
( n o )
d i f f é r a i t  ty p e s  o f  I r r e g u l a r  s t a r ,  \7 h ic h  : ju y  o c c u r  i n  a 
p ro b lo L i v / i t l i  a c u rv o d  b o u r id a ry *  .Io fo u n d  th o  f o l l a / i n g  m ethod 
s u i t a b le  f o r  th o  e v a lu a t io n  o f  n o o t  I r r e g u la r  s ta r s #  C o :is t2^ c t  
t h o  O L ia llo o t o q u a ro  w h ic h  passes t h r o u g j i  a t  l e a s t  ono o f  th e  
f o u r  p o in ts  s u r ro u n d in g  th e  s t a i ’ # I n t e r p o la t i o n  w i l l  g iv e  }p  ^ a t  
t h e  o th e r  t i i r e o  o o m o rs  o f  t i l l s  sq u a re ^  and so  th o  node can bo 
e v a lu a te d #  /is  an e xa m p le , l o t  us c o n s id e r  an  i n 'o g u la r  s t a r  
\7 :d c h  o ccu lts  i n  t h i s  p r o b lo a ,  v/hon t h e  s iz e  o f  t lx )  n e t  i s  g iv e n  
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WO 3 00 t l i a t  0 i s  QLi i r r e g u l a r  s ta r #  f l i o  f o u r  a s s o c ia te d  p o i . i t s
a re  P, Q, h and 8 , w h o re  OQ -  0. 3 l / l O ,  OS « 7 /2 0 ,  æ id OP a
‘f i le  0 la D -o s t s q a o ro  w n ic h  passes  t : z * o u ^ i  ono o f  th e  f o u r  p o in ts  
i s  t h o  s q u a ro  p a s s in g  t I iro u ,g h  P, - ,  F and 0 , v /h e ro  OP -  OE 3 OP a
OG •  "*■# Py i n t  o r p o la t lo n ,  v/o g o t v a lu e s  o f  a t  E , F and  G#
T h u s , f o r  t i l l s  i r r e g u la r  s t a r ,  th o  r o q u i r o d  p a t t o r a  i s  as shown 
i n  f i g u i 'o  ( 'L ) b .  r i io  i r r o Q i l a r  s t a r  a t  0 i s  n a /  e v a lu a te d  f r o m  
f i h ’u re  ( 4 / )b  i n  t l i o  sono cian lo r  a s  r o g u lu i ’ n o d e s , o x c o p t t h a t  a 
l ia s  t h o  v a lu e  l / 4 0 .  L i  g o n o r a l i n  t h i s  p ro b le m , t l io r o  w i l l  bo no  
nodes on th o  c u rv e d  w a l l ,  and so t l io r o  i s  no p o in t  i n  f o r m u la t in g  
an  o x p ro s s io n  f o r  11, f o r  nodes on t i ie  bo u n d a ry#
( I l l )
D e a c r ip t io n  o f  le th o d #
TIîo f i o l d  in s id e  t l io  u p p e r Im ü ’ n o z z le  i s  c o v e re d  w i t h  a  
s q u a ro  n o tv /o rk .  Tho v a lu o  \j/' 3 0 i s  a s s ig n e d  t o  t h e  a x is  o f  
s y x io t r y  o f  th e  n o z z le ,  a rid  t h o  n o z z le  w a l l  i s  t l io  s tre a m  l i n e  
' i j /  s i *  A \j/'- d i s t r i b u t i o n  i s  assum ed in s id e  t h e  n o z z le  w lio re  
e a ch  v a lu e  o f  \j/ l i e s  v / i t a ln  t l i e  ran .go  0 <  1* I n  a d d i t i o n ,
i j / "  ascends g r a d u a l ly  f r o m  0 t o  1 a lo n g  o a ch  v e r t i c a l  l i - i o  i n  
th e  n o z z le .  I n  t h o  I n i t i a l  squ a re  n e tw o rk ,  t l ie  v o r t i c a l  d is ta n c e  
f ro m  th o  a x is  o f  s y n . ie t r y  t  o t l ie  o t r a i  Jmt n o z z lo  s id e  was te a  
t i n e s  th e  s q u a re  s id e  lo a g t 'a *  So u s in g  n o n - d i  lo n s io n a l q u a n t i t io s
A s 1/10
The q u a n t i t ie s  o u t l in e d  i n  P ro b lo  1 I  a re  c a lc u la te d  a t  o a c li nodo* 
i s  a g a in  re a d  o f f  th e  s u p e rs o n ic  pax*t o f  f i 'g u r o  ( l ) * T lio  
i r r e g u l a r  s t a r s  a re  c a lc u la t e d  a s  f a r  as p o s s ib le  b y  t h o  lo t l io d  
o u t l in e d  i n  th o  p re v io u s  s e c t io n *
S l ic e  th o  c o n v e rg in g  n o z z le  w a l l  c o n t in u e s  i n i t i a l l y  beyond 
t l i o  p o in t  w lio ro  s o n ic  v e l o c i t y  i s  r e a d ie d ,  many o f  t l i e  nodes i n  
o u r  f i e l d  w i l l  lia v o  a v a lu e  o f  I f  a  c u rv o  i s  d raw n
t î i r o u . ^ i  t h e  p o in ts  v /lio ro  z R ^m a x .,  i t  i s  soon t h a t  a l l  nodes 
u p s tre a m  o f  t M o  s o n ic  c u rv o  riavo  R ^m ax*, w l i i l s t  a l l  nodes
d o r/n s tre a m  o f  th e  c u rv o  h a ve  >  R^^'iox* l a  o r d e r  t o  o i l .  l in a to  
t h o  r e s id u a ls  t o  t h e  I d f t  o f  th e  s o n ic  l i n e ,  a r o la x u t ic x i  
p a t t e r n  i s  w o rk e d  o u t  a t  o u c h  n o de  i n  t h i s  re g io n #  j s^ i n  t h o  
s u p e rs o n ic  r o g io n s  o f  P ro b le m s  I  a -id  I I ,  t l ie  p a t te r n s  in v o lv e  
s m a l l  q u a n t i t i o s .  Vÿe i l l u s t r â t o th e  r o la x u t l o n  % )u tto r ii f o r  a 
node  ju s t  on t h o  s u p e rs o n ic  a id o  o f  t h e  s o n ic  l in o #  Tho
(112)
r e la x a t i o n  p t i t t o r n  f o r  a s q u a re  n o tv /o rk  f ro m  r e f e r  onco  (2 )  i s
z
and
8 F„ =  -  [? { H  ^  ( t  - 60
S F l -  s % ----------(3z)
w h e re  i  2 1 , 2, 3 ,  4 * T îie  c o r n e r  3 o f  th e  s u r ro u n d in g  s q u a ro  a i'o  
nui't) e r  ed
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rom  t l i i s  t a b le
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S u b s t i t u t in g  th e s e  v a lu e s  i n  é q u a t io n  ( 3/ ) v / i t l -  J  -  1 .4 ,  wo g o t
8 Q  % - 1 .0 4
z ils o  s u b s t i t u t i n g  a p p r o p r ia te  v a lu e s  f r a i  t h o  t a b le  i n  e q u a t io n  
( 3% ) w i t h  y  2 1 .4  and  1 % 1 , i/o  je t
S-i s +  1 .3 3  SŸc
’J q a u t la i  ( 32. ) v/lfch i  » 12, 3 ,  4 i - i  fcu m  g lv o a  v u lu o a  o f  & l’g, S j .
(113)
Si\  o o ^ z p ira b le  t o  6
Once a g a in  t h e r e  seoms no  fo u n d a t io n  f o r  tb o  s ta te m e n t ,  t h a t  
s u p e rs o n ic  r e la x a t io n  p a t te r n s  in v o lv e  la r g e  n u m be rs .
U s in g  t i i e  r o la jz a t io n  p a t te r n s  w o rk e d  o u t  i n  t h e  s u p e rs o n ic  
r e g io n ,  t h e  r e s id u a ls  a r e  e l im in a te d  a t  t l i e  nodes t h e r e ,  an y  
node c lo s e  enoucÿi t o  t h e  s o n ic  l i n o  t o  c o n ta in  a  s o n ic  v e l o c i t y  
e i t h e r  w i t h i n  o r  on i t s  s u r ro u n d in g  squax^e, has i t s  r e s id u a l  
e l im in a te d  b y  a ssu m in g  a  new v a lu o  o f  t h e r e ,  and w o rk in g  o u t  
th e  new r e s id u a l  f ro m  f i r s t  p r i n c i p l e s ,  d ie c u s s o d  p r o v io u s ly ,  
a  r o la x a t i o n  p a t t e r n  f a i l s  a t  s u c h  a  node , b e ca u se  f ’ (H ) i s  
i n f i n i t e  w i t h i n  th e  s q u a re . The r o v ls o d  d i s t r i b u t i o n  was u se d  
as a b a s is  f o r  a n e tw o rk  tw ic e  as  f i n e ,  w lio re  A m 1 /2 0 .  Tho 
r e s id u a ls  w o re  a g a in  c a lc u la t e d  a t  t h e  s u p e rs o n ic  n o d e s , and 
o l i  l i i a t o d  b y  p a t te r n s  a s  b e fo r e .  T h is  p ro c e s s  o f  r e f i n i n g  t h o  
n o t  was c o n t in u e d  u n t i l  wo ro a c lze d  a s q u a re  n e tw o rk  w i t h  A @ 1 /8 0 #  
The p o s i t io n  o f  th e  s o n ic  l i n e  moved a b o u t s l i g h t l y  d u r in g  t h e  
r e f in e m e n t  o f  th e  n o t ,  a n d  i t s  f i n a l  p o s i t i o n  d e te r . l in e s  t l io  
r e q u i r e d  le n g th  o f  th o  c u rv e d  n o z z le .  The n o z z le  i s  t o r i i n a t o d  
w laoro th o  s o n ic  l i n e  m oo ts  t l i e  n o z z le  b o u n d a ry . T l i i s  a l lo v /s  t r io  
o t r e a .1 tu b e s  w h ic i i  h a ve  c o n v e rg e d  up  t o  t h e  s o n ic  l i n o ,  t o  d iv e r g e  
beyond t l i i s  c u r v o ,  a n d  so p re v e n ts  a  b re a kd o w n  o f  th e  f lo w  a t  
M m 1 , w i tà i in  o u t a s s u m p tio n  o f  a s to a d y  c o m p re s s ib le  i r r o t a t i o n a l  
f l u i d .  Wo h a ve  n o t  c o n s id e re d  t h e  f lo w  b e y o n d  th o  s o n ic  l i n o ,  
s in c e  a s h o d :  w ave , i f  p r e s e n t ,  m us t fo rm  i n  th o  s u p e rs o n ic  
r e g io n .  Thus tn e  r e la x a t i o n  t o d m lq u e  has d e te rm in e d  a s h o c k  f r e e  
s u p e rs o n ic  r e g io n  bounded  b y  M » 1 .7  and 14 m 1 .0 .  W ith in  t i i i s
(114)
r e g io n ,  X o  ^ 3  been  c a lc u la t e d  a t  o v o ry  n o d o , and  so f ro m  
f i g a r o  ( 3 d , ) ,  1 i s  d o to rm in e d .  F ig u r e  ( ///^ ) sLavs th e  l i n e s  o f  
c o n s ta n t  lo c a l  u iacii W aaber, w l i i d i  a re  a ls o  l i n o s  o f  c o n s ta n t  
d e n s i t y  and p r e s s u r e .  The v a lu e s  o f  d e n s i t y  and j»?osou ro  
c o r re s p o n d in g  t o  a g iv e n  ülach 'Tairiber ai*o g o t  fro m  th e  o q u a t io n s  
c o n n e c t in g  th o  p a r a u e to r s .
V/o now exam ine  t l ie  o u p o rs o n ic  r e g io n  i n  f in ju r e  ( / ^  ) ,  f o r  a 
l i k e l y  p o s i t io n  o f  a  s h o c k  w a v e .
P o s i t iv e  p ro s s u ro  g r a d ie n ts .
T lio  p re s s u re  g r a d ie n ts  w ore  c a lc u la t e d  f r o m  f i g u r e  ( 1^),
U 3iiv> th e  l i n o s  o f  c o n s ta n t  p re s s u re  and th e  s tre a m  l i n o s .  Each 
p ro s s u ro  g r a d io n t  i s  t h o  r a t i o  o f  th e  p re s s u re  d i f f o r e i i c o  be tv /oon  
tw o  n e i^ i lx > u r in g  p o in ts  on  a  s tre a m  l i n o ,  and th e  d is ta n c e  a p a r t  
o f  t h o  p o in ts ^ m e a s u re d  a lo n g  th e  s tre a m  l i n o .  T lie  p re s s u re  
{g ra d ie n ts  a r c  a l l  p o s i t i v e  as f a r  a s  t h o  s o n ic  l i n e ,  an d  th e  l o c i  
o f  c o n s ta n t  g r a d ie n ts  a re  a p x ^ ro x i. iu to ly  s t r a i g f i t  l i n o s .  I n  th o  
r e g io n  o f  f i g u r e  ( ( ^ ) ,  fo x ’ J a c h  î îa fo e r s  j u s t  b e lo w  1 . 7 ,  th e  
s lo p e  o f  th o  c o ix s ta n t  p re s s u re  g r a d ie n t  l i n o s  i s  le s s  th a n  th e  
s lo p e  o f  t l©  c a is t a n t  la c h  R udbor l i n o s .  T l i i s  d  i f f  o r  once ia  
s lo p e  d im in is  lie s  w i t h  docx’ c a s in g  la c h  d u in b o r, and f r o m  lâ a 1 .4  
t o  ! a 1 .0 ,  th o  c o n s ta n t  p i’o e s u ro  g r a d io n t  l i n o s  a r o  a p p r o x im a te ly  
p o i’ a l l o l  t o  t h o  c o n s ta n t  :5acli H u iil)o r l i n e s .  T lie  p ro s s u ro  g r a d io n t  
i i i c r  eases a s  th o  l la c l i  num ber d e c ro u s o s , and  so  t h o  l i ig jb o s t  p o s i t  i v o  
p re s s u re  g r a d io n t  o c c u rs  a lo n g  t h e  s o n ic  l i n o .
C h a racte r i s t i c s ♦
Tho 'îu c li llurnber and s t r o a i  l i n e  d i r e c t i o n  a r o  know n  a t  ouch
( l i s )
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n o d e , and  so th e  d i r e c t i o n s  o f  t l ie  tv /o  c lm r a c t o r i s t l o s  con  be 
d o t e r  l in e d .  I I  ju r e  ( /S  ) sliov/s th o  ti?o  f a n i l i o s  o f  c l i a r a c t o r l s t l c s ,  
f o in l l y  li and f a i i l l y  3 ,  vrlioro tho d o i i s i t y  o i' c l i a r a c t o r l s t l c s  o f  
f a m i l y  A  s t a r t i n g  on t h e  n o z z lo  o^dLs a t  a n y  p o in t  i s  p i* o p o r t lo n a l 
t o  th o  p i 'o s s a ro  g r a d ie n t  a t  th o  p a r t i c u l a r  p o in t ,  r 'ro r.i f i g u r e  {15 ) 
we 000 t l i a t  a l l  t h o  c l ia r  a c t  e r i s t i c s  o f  f a m i l y  a  s t a r t i n g  on t l i o  
o o n v o r.fjln g  n o z z le  w a l l  c lo s e  t o g e th e r  as th e y  a p p ro a c h  t l i o  n o z z lo  
a x i s .  T lie  l i n e  th e y  c o n v e rg e  on I s  a p p r o x im a te ly  t h o  c o n s ta n t  
'iach au^dber l i n o ,  s 1 . 3 .  H a v e v e r, t i i e  g r e a te s t  p o s i t i v e  
p ro s s u ro  g r a d ie n t  c o in c id e s  w i t h  t h e  s o n ic  l i n o ,  and so  t h e  
r ia x lm u a  n a i l  o r  o f  c lm r a c t e r i s t i c s  s t a r t  on t h e  n o z z le  a x is  a t  
A  n 1 .0 .  The n u iiie r  s t a r t i n g  o l s ov/lio re on t h o  a x is  d e c re a s e s  us 
t h o  la ch  dum ber in c r o a s e s .  These c l i a r a c t e r i s t i c s  d iv e r g e  a s  t i io y  
a p p ro a c h  th o  a t r a i . ^ i t  w a l l ,  t h e  c u rv e d ,  w a l l ,  and th e  s o n ic  l i n o .  
ih?oiTi f i g u r e  ( 15 ), we see t h a t  n c i t l i e r  f a  i l l y  o f  c h a r a c t e r i s t i c s  
l ia s  an o n v o lo p o , a n d  n o w h e re  do tw o  members o f  th e  s a ie  f a m i l y  
o f  c l i a r a c t o r io t lo s  r u n  t o g e t h e r  t a i g e n t i a l l y .
I t  a p p e a rs , t l i e r e f o r o ,  t l i a t  t h o  f lo w  o n c o u n to rs  a n  o v o r -  
in c r e a s in g  p re s s o ro  g r a d ie n t  as  i t  d e c e le r a te s  fro m  s 1 .7  t o  
M 3 1 .0 .  I f  v/e assum e, as i n  P ro b lo . is  I  and  I I ,  t l i a t  t h e  a io o k  
w ave  I s  m ost l i k e l y  t o  o c c u r  a lo n g  t l i e  lo c u s  o f  t l ie  riaxiimutm 
p o s i t i v e  p ro s s u ro  g r a d ie n t ,  a  s lio c k  o f  z o ro  I n t e n s i t y  i s  o b ta in e d  
on t h e  s o n ic  l i n e ,  ^ a c c o rd in g ly ,  f o r  th e  p u rp o s e  o f  c a l c u la t i n g  
c o n d i t io n s  d o w n s tro o i.i o f  a d i s c o n t i n u i t y ,  a s h o c k  I s  assum ed 
a lo n g  th o  c o n s ta n t  la c h  IJudDor l i n o  d  a 1 .3 0 ,  w ibLcli i s  a ls o  a  
l i n e  o f  c o n s ta n t  p o s i t i v e  p ro s s u ro  g r a d io n t .  T h is  sh o ck  w ave
(117)
F a illi l y  ^ 
B
\
Figure (lô). Characteristics in
c o n v e rg in g  n o z z le *
( 1 1 8 )
p O G it io n  w i l l  0o r ro s p o i i i l  t o  a d é f i n i t o pa?oosure a t  t i i e  n o z z lo  
G % lt.
jJ i^ a r iin a tlo n . o f  c o z d . it io n s  t o i e d i a t o l y  b e l i i - id  a aLiock w a v o .
Our s lio c k  wavo lo c a t io n  i s  ta k e n  t o  bo  t h o  c o n s ta n t  la c l i  
JuiTiDor l i n e  d 2 1#3# T lie  f l a v  u p s t ro a n  o f  t i l l s  l i n e  l a  is e n t p o p ic ,  
and t l i o  f l o w  p a r a  10 t o r  P  lia s  t h o  cons b a n t v a lu o  #443 
o v o ry w h o ro  i n  t h i s  re g io n #  In  th e  d is c u s s io n  o f  P ro b lo a  I I ,  
h o w e v e r, v;o saw t im t  a o c l ia ' i i c a l  e n e rg y  w as c o n v e r to d  i n t o  h o a t 
e n e rg y  a t  a s lio c k .  I n  g e n e r a l ,  o a c n  s t r o a n  l i n o  ha s  i t s  orai g a in  
o f  o n t r o p y ,  and  e q u a t io n  (3 0 ) g iv o s  th e  r a t i o  o f  tine f lo w  
p a ra a o to ro  on a s tro a ia  l i n e  a t  tw o  o id o s  o f  a d is  c o n t i n u i t y  # 
fiiu Q  a k n o w le d g e  o f  JtJ i n  f r o n t  o f  th o  s l io c k  i n  c o n ju n c t io n  w i t h  
e q u a t io n  (3 0 )  d o t e r i i n o s  t h o  v a lu e  o f  i>' b e li in d  t h e  s lio ck#  L o t  
us now con  s i  d o r  t i i e  c o n s ta n t  l o c a l  .a ch  lîu n b o r  lo c u s  5 1#3 i n  
f i g u r o  ( / ^ ) #  To o n a b lo  p o in ts  t o  be s p e c i f ie d  on t h i s  lo c u s ,  
we e ip lo y  a  s y s te n  o f  axe s  as shown i n  th o  f ig u r e #  a t  o a c li p o in t  
on  t h e  lo c u s ,  w l i ic h  i s  o u r  s h o c k  w a v e , we knm? t l i e  a n g le  o f  
i n c l i n a t i o n  o f  t i i o  s t r e a m l in e ,  a id  t h o  s lo p o  o f  th o  s h o c k  w a v e #
I n  a d d i t i o n ,  t h e  ..a c h  d u n iio r  o f  th o  f lo w  i s  1#3#
A
F igure  i f  )
I ’ig u r o  ( ^  ) shows an y  p o in t  P on t h e  sh o ck  wuvo# BP i o  th o
(119)
ta n g o n t  a id  CP i s  th e  n o r o a l  t o  t h e  s h o c k  a t  P# T lie  ta n g e n t  t o  
t h o  s t r o a n l i i i o  a t  P io  AP* TIio ta n g e n t  t o  t h e  s t r o a i l i i i e  a f t  o r  
t h o  sh o c k  i s  PE, and PQ i s  th o  c o n t in u a t io n  o f  AP* T lie  a n g lo  
BP A i s  t i io  wavo a n g le  3  , and t h o  a n g le  DPE i s  t h o  d e f lo c t i o n  
a n g le  S • I'Ow th e  s h o c k  wavo v o i’ i o s  i n  i n t e n s i t y ,  de p o n d in g  on 
th o  la ch  îun ibor o f  t l io  in c id e n t  f lo w  and t l io  wavo an^glo ^  . F o r  
a c o n s ta n t  la c h  Ju iabor o f  1 .3 ,  t h e r e  i s  a c r i t i c a l  v a lu o  o f  /3  
a t  w l i ic h  th e  s h o c k  w avo h a s  z o ro  in t e n s i t y #  T l i is  o c c u rs  v/Iion 
th e  n o rm a l in c id e n t  v o l o c i t y  lia s  a ia c h  î îu î ib e r  o f  u n i t y ,  a id  th o  
c r i t i c a l  v a lu e  o f  |3  i s  g iv @ i b y
1 .5  s in  3  m 1.
v /iie ro a p o n
c r i t .  z s in  ^ z 50®.1 .3
Thus f o r  a t r e a i i i l in o s  w lie ro  th e  wave a n g le  i s  <  50®, th e  s lio c k  
wave lia s  z e ro  in t o n s i t y #  IVo nov; s e le c t  p o in t s  a lo n g  th o  s h o c k  
w avo f ro m  t h o  n o z z lo  a x is  t o  t h o  n o z z le  b o u n d a ry , a n d  t h e i r  
p o s i t io n  i s  CO i p l o t o l y  d o t o r  l in c d  b y  t h e  y -  c o - o r d in a te #  A 
t a b lo  i s  c o m p ile d  sh o w in g  c e r t a in  q ^ ja n t i t ie s  a t  o a c h  p o in t#  I n  
th e  t a b lo ,  t h o  s u f f i x  1 dem otes  c o n d i t io n s  j u s t  b e fo r e  t l i o  
a h o c k , and time s u f f i x  2 d e n o te s  c o n d i t io n s  j u s t  a f t e r  t h e  s h o c k .
(1 2 0 )
;/ Co-O 'M . I n c l i n a t i o n Have D o f lo c t io n % / p .
o f  S t r o a i l i n o :%nrile " I yx
b e fo r e  e lio o k 6 . s
1 0 .7 1 7 ° 3 9 ° / / s. / \ / \ ; \
19 1 3 °  ' 4 0 °
18 1 8 ° 4 1 °
-
17 1 9 ° 4 2 °
lÔ 20° 4 2 °
15 20° 4 3 °
14 2 1 ° 4 3 °
13 2 0 ° 4 4 °
0" 1 . 3 1 .3  1 #0 1 . 0
12 20° 4 5 °
11 1 3 ° 4G°
10 1 7 ° 4 7 °
9 1 6 ° 4 7 °
3 1 6 ° 4 7 °
7 1 5 ° 4 8 °
6 1 5 ° 4 8 °
5 1 5 ° 4 3 °
4 1 4 ° 4 9 ° >r >r sf \ r
3 1 3 ° 5 1 ° 1.0a 1 . 3 1 . 27  1 .0 4  1 .0
2 11° 5 3 ° 2 ^ 1 . 3 1 . 22 1 .1 1  1 .0 0 5
1 7 ° 5 7 ° 4 ^ 1#3 1 . 15 1 .2 3  1 .0 1
i 4° 3 0 ° 1 #3 1 . 09 1 .3 2  1 .0 1 5
0 0° 3 4 ° 1#3 1 . 03 1 .4 0  1 .0 2
0 0° 9 0 ° 0^ 1#3 • 73 1 .8 0  1 .0 6
( 1 2 1 )
The v/ave a n g le  i s  o b ta in e d  f r a n  t l i©  c a lc u la t io n s  w i i ic h  le d  up  
t o  f i g u r e  ( / S > *  A k n a v lo d g o  o f  ^  and  a t  e a c h  p o in t  a lo n g
t i l e  c o n s ta n t  la c l i  N u n b o r lo c u s  o f  1 .3  e n a b le s  S  . -Ic a^id
P g /p i  t o  b e  re a d  o f f  f i g u r e  ( C ) •  C k ib s t i t u t io n  o f  t h e  
a p p r o p r ia te  p a r a io t o r s  i n  e q u a t io n  (3 0 )  th e n  g iv e s  th e  v a lu e s  o f  
a t  o a c li p o in t  o f  th e  lo c u s .  - f l ie  s h o c k  i s  seen  f r o m  th e  
t a b lo  t o  h a ve  z e ro  i n t e n s i t y  fx*on  t l i o  n o z z le  w a l l  t o  y  » 3 & . In  
th e  t a b lo ,  t h e r e  i s  a d o u b le  e n t r y  o p p o s ite  y  » 0 .  T lie  
s i ^ i f i c a i c o  o f  t i l l s  w i l l  now b o  e x p la in e d .  IXio t o  th e  s y im e t r y  
o f  t l i o  n o z z le  a b o u t i t s  a x i s ,  th e  s h o c k  w aves f ro m  th e  u p p e r and
lo w e r  s e c t io n s  o f  t l io  n o z z le  m oot on t h e  a x is  s y m o t r y .
/ ic c o r d ln g ly ,  th e  s t r e a i  l i n o  a lo n g  th e  a x is  o f  s y r m o t r y  i s  
unchanged  i n  d i r e c t i o n  a i ' t o r  p a s s in g  t l i r o u ^ i  t h e  s h o d : .  T h is  
Tieans t l x i t  t l i o  s h o c k  i s  o f f e c t i v o l y  p e rp o n d ic u & a r  t o  t h e  a x is  o f  
sym m etry  a t  th e  a x i s .  To a c c o m o d a te  t h i s  r e q u i r e n e n t ,  wo 
assum e t h a t  th e  s lo p e  o f  t h e  sh o ck  c lia n g o s  fTOin 6 4 °  t o  90^ i n  a  
v e r y  o i io r t  space on e l t l i o r  s id e  o f  t h e  a x is  o f  syin l e t r y .  Thus 
t h e  fo r m e r  e n t r y  o p p o s ite  y  a 0 a c t u a l l y  o c c u rs  a v e ry  s . i a l l  
d is ta n c e  f ro m  th e  n o z z le  a x i s .  T lio  s h o c k  w ave i s  i l l u s t r a t e d  i n  
f i g u r e  ( 1^), and i t s  i n t o n s i t y  in c re a s e s  u n i f o r m ly  f ro m  y  •  3« 
w h e re  t l ie  i n t e n s i t y  i s  z e ro ,  t o  y  « 0 w h o re  th e  i n t e n s i t y  r o a d ie s  
i t s  M ( ÿ io s t  T O lu e . a lre a d y  z u o n tlo n e d , t h e  f l o w  i s  i s  e n t r o p ie
up  to  t h e  s h o o k  w a v e . ; l l l  t l i o  s tre a m  l i n e s  w h ic h  a r r i v e  a t  t l io  
c o n s ta n t  :ach  I lm i io r  l i n e  M a 1 .3 ,  be tw ee n  t h e  n o z z le  b o u n d a ry  
and  y  a 3é, c o n t in u e  w i t l io u t  g a in  o f  e n t r o p y ,  s in c e  th e  s h o c k  
w ave lia s  z o ro  i n t e n s i t y  i n  t i l l s  ra n g e  o f  y .  The s t r o a n  l i n e s
(122)
v / l i lc h  a r r i v e  a t  A 3 1 .3  b e tw e e n  y  a 3&  a n d  t h e  n o z z le  a x i s ,  lo a o  
m o c h a n ic a l e n o rg y  i n  th e  fo r m  o f  h e a t .  Each o t r o a a  l i n o  bu s  i t s  
own i n d i v i d u a l  lo s s  o f  m o c lia n ic a l e n e rg y  and s u b s e q u e n t g a in  o f  
e n t r o p y ,  th e  r o s p o c t iv o  lo s s  and r a in  b e in g  p r o p o r t io n a l  t o  t l io  
i n t e n s i t y  o f  t l io  s h o c k  a t  t h e  p o in t .  The r a t i o  i n  th e
t a b lo  i s  a d i r e c t  u o a s u ro  o f  t ' l o  o n t r o p y  ^ ^ n e d  b y  ea ch  
s t r e a i l i n o  i n  p a s s in g  t l i r o u ^ i  t l io  d io c k ,  w h e re  i s  e n t r o p ie  f lo w  
i s  c o n s is te n t  w l t l i  % 1 . T lie r a t i o  i s  th e  fo rm  o f  e n t r o p y
g a in  n e c e s s a ry  f o r  use  i n  r o la x a t io n  a o th o d s . Tho f l o w  
p a ra n o to r  I n  f r o n t  o f  % 1 .3  was e v o ry w iio ro  g iv e n  b y  jV  % .4 4 3 , 
and. so u s in g  th e  v a lu e s  o f  fro m  t h e  t a b lo ,  wo h a ve  t l io
v a lu e  o f  on e v o i'y  s tre a m  l i n e  b o li in d  t h e  s h o o k , ùe a ro  now 
i n  a p o s i t io n  t o  c a lc u la t e  th e  f lo w  beyond t h e  s h o c k , s in c e  a t  
e v e ry  p o in t  on t l ie  d o w n s tre a m  a id e  o f  t l io  s h o c k , we Im ow t î i s  
îa c ii iurnber, t h e  d i r e c t i o n  o f  th o  f l o w ,  t l ie  v a lu e  o f  t l i e  s t r e a n  
f u n c t i o n ,  and t h e  f lo w  p a ra m e te r  .  Tho  ''a c h  ilu n b o r  and f l o w  
d i r e c t i o n  a r e  g o t  f r o m  f i g u r e  ( / i j . . ) ,  th e  s t r e a u  f u n c t i o n  has t l ia  
s a ie  v a lu e  on lx > th  s id e s  o f  t l ie  s h o c k , s in c e  no  f l u i d  i s  c re a te d  
o r  d e s t ro y e d  a t  th o  s h o c k ,  and t h o  f lo iy  p a ra m e te r  i s  o b ta in e d  
f ro m  e q u a t io n  (3 0 4 .
C a lc u la t io n  o f  th e  f i e l d  o f  f lo w  b e h in d  u  s lio c k .
D e r iv a t io n  o f  t h e  c o m p ro a s ib lo  f l ow e q u a t io n s  w i t h  v o r t i c i t y  
p r e s e n t  i n  t h e  f i e l d .
C o n s id e r  a f l u i d  o lom o i t  i n  t h e  re g ic m  b e h in d  a sh o ck  w a ve . 
j î g u r e  ( ^ ) ,  v /Iio re  I  a id  I I  o re  a d ja c e n t  s t r o a i l l n o s ,  i s  s e l f -  
e x p la n a to r y .  The 0le m o n t i s  i n  e q u i l i b r iu m ,  so e q u a t in g  fo r c e s
(123)
a t  r l r ÿ i t  an.^^lon to  t l i o  l i n o  o f  m o t io n .
b n .  ^ I—  ,
w h o ro  L  I s  th o  r a d ia s  o f  c a r v a ta r e  o f  s t r o a i l i a e  I#
Fia a r e  ( A ) ,
111 a d d i t i o n ,  th o  v o r t i c i t y  t J  o f  an o lo :a e n t i s  th e  r a t i o  o f  t l©  
c i r c u l a t i o n  i'*oand i t s  c o n to u r  t o  i t s  a r o a ,  f r o m  w l i ic l i  i t  f o l lo w s  
t l i a t
, ,   bu, a
bn  z_ .
S l i  i l n a t l n s  L  bo tw oon  th o s e  t \/o  e q u a t io n s , v/e g o t
^  ^  ^  
v7o 11017 in t r o d u c e  h ,  th o  o n t lm lp y  o r  t o t a l  h o a t  o f  a  gas , v /lio ro
p .
D i f f e r e n t i a t i n g  h  w i t h  r e s p e c t  t o  t h e  n o r i o l  t o  a s t ï> o a . i l in o ,
—  T | S . + V | | ^ - - ----------------   -    W
T /lio ro  8 i s  t l i e  o n t r o p y  d o f in o d  i n  P ro b ie n  I I *  I n  a d d i t i o n ,
^ 0  =  ^ 4 - - ^ L L  — — — — — - -  — — -  '   
w h e re  h g  i s  th o  a i t b a lp y  a t  z o ro  v e l o c i t y .  T i l ls  s ta g n a t io n
e n t l ia lp y  i s  B e r n o u l l i  *s c o n s ta n t ,  w . i ic h  on a n y  g iv e n  s t r o a n l ln o  
ta lc o s  th o  sa 10 v a lu e  on b o th  s id e s  o f  a s h o c k  w a ve * D i f f e r e n t i a t ­
in g  11q w i t h  r e s p e c t  t o  t h e  n o r  m l  t o  a s t r o a . i  l i n o ,
4- U. = 0 . ---------------------  (so)Jn bn
S u b o t l ta t iz iQ  (3 4 ) arxi (3 6 )  (3<3), v/o g o t
^  Ü : . " “ ~  ---------------
( 124)
in t r o d u c in g  th o  s t r e a n  f u n c t io n  'ij/'f v /Iio re
^\j/^ =  jO LC ^ T i / j
Oxïd u s in g  t l io  gas la w  £  % RT, o q u a t io n  (3 7 )  b e co iio s
P
^  n  d\p-
I n  o b ta in in g ;  o q u a t io n  ( 3 8 ) ,  wo h a ve  fo llc rw o d  th e  o o t i io d  o u t l in e d  
i n  L io fo r e .ico  ( 1 0 ) .  jow t h o  v o r t i c i t y  can  a ls o  be  e x p re s s e d  a s
/  ,    ^ (3U x
S u b s t i t u t in g  ^  4 ^  r e s p e c t iv e ly  f o r  th e  v e lo c i t y
P  p  d X
c o .'ip o iio îits  My. and u ,,,  we g e t
~  ^  “ à i f  i f i p  j ^ )
Tim s o l i  r im  t i n g  UJ be tw ee n  o q u a t io  is (3 8 )  and ( 3 9 ) ,
b x i p b x j  b i ^ i p  J  ^  - R
. l i t t l e  m a n ip u la t io n  show s t l i a t  t h i s  niay b e  w r i t t e n
+  f  | |  =  0 ,
and s o
—  —  -  (v ^ .)
F o r  io e n t r o p ic  f lo w  (S % c o n s t . ) ,  e q u a t io n  (4 0 )  ro d u c o s  t o  
e q u a t io n  ( l ) .  I t  i s  seen f ro m  o q u a t io n  ( 3 3 ) ,  t h a t  no  v o r t i c i t y  
i s  p re s e n t  u n d e r i s e n t r o p ic  c o n d i t io n s .
.Vo now c o n f in e  o u r  a t t o r t i o n  t o  one p a r t i c u l a r  o t r o a i l i n e ,  
s in c e  each o t r o a n l in o  has  i t s  ov/n v a lu e  o f  th e  o i t r o p y  beünind 
th e  s h o c k . C o n s o q u G iit ly , a l l  t h o  f o l l o w in g  c o n d i t io n s  i n  time 
d e r iv a t io n  o f  a r e l a t i o n s h ip  b e tw e e n  jX a  id  ’\j/’ ,  ^ , p l y  O -ilyLAP 
th o  r ^ ^  s t r e a  i l t o o  b e li in d  t h o _ § n q c k ^
Oon s id o r  . ^ e rn o u l l i  ’ s o q u a t ;lo i
(125)
V  V g  J . O  Ü  j J D V U  v /X  O U  U l i i V .  L t  V  «j U X  U  W J L U V  JU U l A  U  U  U H  Î J J L ^ t U o
o lio  d io c lr .  S u b s t i t u t in g  azicl z  ^ v /ho ro  (p ^
v/liGPo Cq i s t l i o  apood o f  sound a t z e ro v o l o c i t y  o n b o th a id  os o f
) r
and ( t l i C p p o s s u ro  and d e n s i t y  a t  z o ro  v o l o c i t y  b d i in d  
t l io  s h o c k  on t l io  s t re a i i l i n o ,  v/o g o t
( t )  ~ - r r l
s liw /n  p r e v io u s ly ,  t h o  a d ia b a t ic  gas la w  a lo n g  t h i s  s t r o a . i l in e
whoi*e Sq ,  Pq a id  a re  th e  e n t r o p y ,  z o ro  v e l o c i t y  p re s s u re  a n d  
d e n s i t y ,  on  a l l  s t r o a n  l i n e s  b e fo r e  th e  s lio c k ,  and 8 ^  i s  th e  
o n t ro p y  on th o  s t r o a n l in o  b o li ln d  t h e  s h o c k *  ]G11 i l n u t i n g  th e
p ro sG u ro  frcxn  U o m o u l l i  *s o q u a t io n  b y  means o f  t i l l s  a d ia b a t ic  gas 
la w ,  v/o g e t
.;ow in t r o d u c in g  Xj/ i n  t h e  sa lo  "manner a s  i n  t h o  d e r iv a t i o n  o f
o q u a t io n  ( 2 ) ,  t h i s  becone o
E q u a tio n s  (4 0 ) and (4 1 )  a ro  th e  fu n d a iu e n ta l d im e n s io n a l e q u a t io n s  
f o r  c o m p re s s ib le  f lo w  v / l t l i  v o r t i c i t y  p re s e n t*  
l o d i f i c a t i o n  o f  e q u a t io n s  (4 0 )  a id  (4 1 )  t o  s u i t  t l ie  p re s e n t 
m iroblom*
in  t i l l s  p r o b lo n ,  th o  s h o o k  \/a v o  in  ovor.vn/horo v e ry  wea2c, as
(126)
3î:ovra b y  th e  v a lu e s  o f  -Mt j , l u  t h e  t a b le ,  C o n a e q u o n t ly ,  t i io  
o n t ro p y  on o a ch  s tp o a n  l i n o  b é li in d  th o  s h o o k  w i l l  d  i f f  o r  l i t t l e  
f r a :  t h e  o n t r o p y  i n  t h o  f lo w  b o T o ro  timo s h o c k , ^ ic c o rd irx g ly ,  
f r o  a o q u a t io n  ( 3 8 ) ,  th e  v o r t i c i t y  i n  t h o  f lo iv  b e l i in d  th e  s h o c k  
v / i l l  bo  s n a i l ,  and so o q u a t io n  (4 0 ) boootnos a p p r o x i : ia t© ly
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T im s , i f  v o r t i c i t y  i s  a o g lo c to d  jn  th e  f i e l d  b o l i in d  a w eal: shocic 
v /avo , th e  g o v e rn in g  e q u a t io n s  f o r  t h e  f lo w  a ro  e q u a t ia is  (4 2 )  
and ( 4 3 ) ,
a t lm a t io n  o f  th e  f i o l l  o f  f l o w  b o li in d  t h e  s h o ck  v/avo i n  t l i e  
jr e s e n t  p r  o b le n ,
Wo nov/ use  e q u a t io n s  (4 2 ) a id  (4 3 )  i n  t h o  p re s e n t  p ro b lo iu ,  
S in c e  th e  s h o c k  w avo e x is t s  f r o m  t h o  n o z z le  a x is  t o  y  s  3 ^ ,  we 
s i i u l l  c o n f in e  c u r  a t t e n t i o n  t o  a r o j ic n .  bounded  b y  th e  c o n s ta n t  
ta ch  J u t ) o r  l i n o  1 .3 ,  th e  s o n ic  l i n o ,  t h e  n o z z le  a x is  ( y  » 0 ) 
and y  a 4 ,  T i l l s  r e g io n  lo  co vo ro c l b y  a s q u a re  n o tv /o rk  w i t h
1 /O O , T lio  v a lu e s  o f  ijf a la c g  th o  shoc lc , a lo n g  y  a 0 , f e da  a
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y  % 4 , a re  th o  a a ie  as th e  v a lu e s  o b ta in e d  i n  t î ie  c a lc u la t io n  
w i th o u t  a sh o c k  p r e s e n t ,  a  d i s t r i b u t i o n  i s  a s s ig n e d  t o  t l i e  
nodos  i n  t h o  r e g io n ,  c o n s is t e n t  w i t h  t l ie  a b o ve  b o u n d a ry  
c o n d i t io im ,  and  a ls o  w i t h  a v io i ;  t o  o b t a in in g  th e  r e q u i r e d  !a c h  
IJu iib o rs  and  s tre a m  l i n o  d i r e c t  io n s  on th e  dow n stre am  s id e  o f  time 
s h o c k . Tho q u a n t i t i e s  p r e v io u s ly  d o t a i l e d  w e re  c a lc u la t e d  a t  
e a c h  n o d e , w i t h  th e  f o l l o w in g  d i f f e r e n c o *  Tho v a lu e  o f  th o  f l a v  
)m ra ? © to i*  a t  o a ch  node  i s  th e  v a lu e  o f  1)^  t h e  p o i^ i t  on th e  
a iio c k  wave w i t h  t h e  same v a lu e  o f  Xjf as th e  node  in  q u e s t io n .
I n  o th e r  w o rd s , th o  f lo iv  p a ra m e te r  has th o  sono v a lu e  a t  e v e ry  
r> o ii i t  o f  th e  s tre a m  l i n o  do w n stre am  o f  t h e  s h o c k , b u t  d i f f e r s  
f ro m  s t r e a u  l i n o  t o  s t r o a n  l i n o ,  ‘T h is  i s  a con ao qu en ce  o f  
o q u a t io n  ( 4 3 ) ,  w lio ro  i/y- t h e  f lo w  p a ra m e te r  on  t l i o  r^^^ s tre a m  
l i n e  b e ii in d  t l i o  s h o c k , lia s  t h e  v a lu e  g iv e n  b y  i n  t l i o  t a b le  a t  
th e  a p p r o p r ia te  s tre a m  l i n o ,  a t te m p ts  w e re  i.iad© t o  e l i . i l n a t e  
t h e  r e s id u a ls  b y  a l t e r i n g  a t  th o  nodes w i t h  th e  b ig g e s t  
r o s i  d u a ls ,  and r e - c a 3 .c u la t ln g  th e  r e s id u a ls  f ro m  f i r s t  
p r i n c i p le s ,  R o la x / i t io n  p a t te r n s  w e re  n o t  u se d  t o  e l im in a t e  t l io  
r e s id u a ls  b e ca u se  o f  th e  added c o m p l ic a t io n  o f  a  d i f f e r e n t  f l o w  
p a ra m e te r  on  o a ch  s t r o a i  l i n o ,  n  d i s t r i b u t i o n  was f i n a l l y  
o b ta in o r j v / iü i  v e ry  s . m i l  r e s id u a ls ,  w h ic h  gave t h o  r e q u i r e d  'ta c h  
Iv 'unbers and s tre a m  l i n o  d i r e c t io n s  b e h in d  t h o  shock#  T lio  
r e s id u a ls  w i l l  n e v e r  bo re d u c e d  t o  a e r o ,  b e ca u se  we a r o  u s in g  
f i n i t e  d i f f e r e n c e  a p p ro x in u it io n s  t o  e q u a t io n s  vs liich  assume n o  
v o r t i c i t y  p re s e n t  b e i i ia d  th e  s h o c k . I n  o f f o c t ,  th o  c lia n g e  o f  
e i t r o i^ y  a t  th e  s h o c k  on e a c h  s tro a m  l i n o ,  n o c o s s i ta te s  v o r t i c i t y .
(1 2 8 )
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F i  %ure ( 1 5 ) .  C o n s ta n t H ach Number l i n e s
in  f i e l d  b e h in d  shock wave.
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lio tf/o vo r In  t l i o  r e g io n  o f  f lo w  b e h in d  th o  s h o o k  w ave* T lio
f lo w  p ic t u r e  fee? th e  r e g io n  b o l i lM  th e  s h o  ole I s  she m i i n  f i g u r e  
I I(û ), w here  th o  c a l c u la t i o n  has n o t  boon c o n t in u e d  beyond t l ie  
s o n ic  l i n e .
^  ou;i .a ry  w i l l  nav/ bo  g iv e n  o f  t l ie  r e s u l t s  o b ta in e d  i n  
P ro b le m  I I I *
Suiii.iax*:/*
F o u tu re s  o s tu b l is l io d  i n  t h i s  i j r o b lo i  a re  as f o l l o w s : -
(1 )  s in g  r e la x a t io n  n o t l io d o ,  a 'Xj/- d i s t r i b u t i o n  M s  been fo u n d  
f o r  a s u p o rs o ii io  r e g io n  i n  w l i ic l i  a g r a d u a l c o m p re s s io n  o c c u rs *  
T i l l s  i j / -  d i s t r i b u t i o n  s a t i s f l o s  t l io  f i n i t o d i f f e r e n c e  
a p i; r o x i i im t io n 8  t o  t h o  c o m p re s s ib le  f lo w  e q u a t io n s  a id  l a  
o v o r ^ ^ i ic r e  c o n t in u o u s .
(2 )  The r e la x a t io n  p a t to r ^ is  f o r  th e  s u p e rs o n ic  no de s  c o n ta in  
q u a n t i t i e s  q u i t e  c o ip a r a b le  t o  th o s e  i n  t h o  s u b s o n ic  p a t te r n s  o f  
P r o b lo i  I *
( 3 )  S in c e  t l ie  lo c u s  o f  l i i { ÿ ; o o t  p o s i t i v e  p re s s u re  g r a d ie n t  I s  
t h o  s o n ic  l i n e ,  a p o s i t io n  v/hJLch g iv e  a s h o c k  o f  z e ro  
I n t e n s i t y ,  wo assume a d i s c o n t i n u i t y  t o  e x i s t  a lo n g  t h e  c o n s ta n t  
'”'a c h  lu m b e r l i n o  : = 1 .3 ,  w h ic h  i s  a ls o  a lo c u s  o f  c o n s ta n t  
p o s i t i v e  T ires s u re  g r a d ie n t *
(4 )  T i l ls  sh o ck  v a r lo o  i n  i n t o  i s i t y  a lo n g  i t s  le n g th ,  Im v ln g  
i t s  maximum i n t e n s i t y  on t h e  a x is  o f  sym m etry* The o n t ro p y  
ta k e s  a c o n s ta n t  v a lu e  o v e ry w h o ro  i n  t l i e  r e g io n  b e fo r e  th e  
s h o c k , Lxit oacîi o t ro c L i l i n e  e x p o rie :n c o 3  i t s  own g a in  o f  e n t r o p y  
(o r, -  Sq ) a t  th o  s h o c k *  . ic c o r L l in g ly ,  t h o  r a t i o  o f  th o  f lo w
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ISapfiu-igtora on th o  t u o  s ld o s  o f  a  s h o c k  has  a  d l f f o r e n t
v a lu e  a t  e v e ry  % joint on t h e  s h o c k  v/avo#
(5 )  I t  i s  s iiavn  t l i a t  v a r y ln  * g a in s  o f  e n t r o p y  a t  t h o  sh o ck  
n e c o s s i ta to  v o r t i c i t y  I n  t h e  f lo w  d o w n s tre a m  o f  t l i e  s iio ck#  l a  
o u r  p ro b le m , h o w e v e r, th o  s iio c k  i s  w o o l:, and so c o n d i t io n s  i n  
th o  r o g io r i  do w n s tre a m  o f  tu e  s iio c k  a ro  w o rk e d  o u t  n e g le c t in g  
v o r t i c i t y ,  b u t  t a k in g  a c c o u n t o f  t h o  c lia n g e s  i n  t h e  f lo w  
p a r a i t  t o r  a t  t l i o  shock#  f l io  s o lu t io n  dow nstream  o f  th e  sh o o k  i s  
n o t  c o n t in u e d  beyond th e  lo c u s  o f  p o in ts  w lio re  t h o  d a c li Humber 
i s  u n ity #
(C ) TÎ10 s o lu t io n  we o b ta in e d  t o  t l i i o  p ro b le tz i u s in g  r o la r ^ a t io n  
r a t l io d s ,  v/ou3d seem t o  c o n t r a d ic t  f i g u r e  (1 2 # 1 ) on  page 191 o f  
r e fe r e n c e  ( U ) ,  w h e re  a g ra d u a l c o m p re s s io n  o f  a  s u p e rs o n ic  f l o w  
ca u se s  th o  c h a r a c t e r i s t i c s  o f  one f a m i ly  t o  i n t e r s e c t ,  t i iu s  
p ro d jo c in g  a r e g io n  w h o re  th e  f l a /  w i l l  b re a k  down# Our d ia g ra m  
o f  t h e  c l i a r a c t e r i s t i c 3, f i g o i 'e  ( 15 ) ,  shows n o  in t o r s e c t io a s  o f  
t l i o  c h a r a c t e r i s t i c s ,  w iJ .c h  o f  c o u rs e  i s  a  conséquence  o f  th e  
c o n t in u o u s  Xj/ d i s t r i b u t i o n  o b ta in e d  b y  r e l a x a t i o n  m ethods#
The o b je c t io n  t o  t h e  r o la : u i t i o n  te c l in iq u o  i s  t l i a t  no  m a t te r  how 
f i n e  t l io  n o t  i s  ta k e n ,  a d l s c o n t i  l u i t y  i n  th e  f i e l d  »my n o t  be  
d e te c te d .  T l i io  i s  an in h e r e n t  f a i l i n g  o f  any  a p p ro x lm u te  
m e tl o d . I lo w o v o r, t h o  d ia g r a - i  o f  k o fo re n c o  (B ) s l io w in g  th e  
cl.'.urac t o r i  s t i e s  o f  one f a : i i l y  i n t e r s e c t i n g ,  b y  no  lo a n s  s o lv e s  
th e  p ro b le m , a  t h e o r e t i c a l  s o l u t i o n  t o  t h e  p r o b le  i  o f  a g ra d u a l 
c o m p ro o s io n  i s  n e c e s s a ry  b e fo r e  a d e f i n i t e  d e c is io n  can  b e . 
re a c h e d . U n t i l  su ch  a s o lu t io n  i s  fo r th c o m in g ,  we s h a l l  assum e
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f ro m  til©  f i n d in g s  I n  P rob le m s I I  and I I I  t h a t  a c o n t in u o u s  
s u p e rs o n ic  f i o l d  e x i s t s  i n  a c o m p re s s io n ,  a n d  t l i a t  a  sh o ck  wave 
i s  an added  d i s c o n t i n u i t y  o f  t h e  re g io n #
(1 3 2 )
(JElIERiiL CONCLUSIONS.
(1 )  R e la x a t io n  m e th od s  w o u ld  a p p e a r t o  b e  a p p l ic a b le  t o  
s u p o rs o n ic  as  w e l l  as to  s u b s o n ic  r e g io n s .  T i l l s  i s  i n  c o n t r a s t  
t o  t h e  s t a t e  le n t  8 o f  P ro fe s s o rs  R . V .  S o u t lw o l l  and li. lV . Emmons 
i n  r o fo r e n c es (4 )  a M  (1 0 )  r e s p e c t iv o ly »  Tho r e la x a t i o n  
p a t te r n s  i n  t h e  p ro b le m s  c o n s id e re d  i n  t h i s  t h e s is  in v o lv e  
q u a n t i t i e s  co m p a ra b le  i n  m a g n itu d e  i n  s u b s o n ic  and s u p e rs o n ic  
r o g ia i s .
«
(2 )  T lie  o n ly  d i f f i c u l t y  e n c o u n te re d  i s  a t  nodos w h o re  t l ie  
v e lo c i t y  i s  n e a r  s o n ic  v e l o c i t y .  I n f i n i t e  q u a n t i t i e s  a p p e a r
i n  th e  r e la x a t io n  p a t te r n s  o f  s u c h  n o d e s , an d  r e s id u a ls  m ust b o  
e l im in a te d  b y  t h o  m e thod  o u t l in e d  i n  P ro b le m  I#
(3 )  S in c e  i t  c a i  b o  u se d  i n  s u p e rs o n ic  an d  su lD so n lc  r e g io n s ,  
t h o  r e la x a t io n  t o d in iq u o  i s  p a r t i c u l a r l y  s u i t a b le  f o r  m ixe d  f lo w  
p ro b le m s *  TldLs g iv e s  i t  an im p o r t iL i t  a d v a n ta g e  o v e r  t h e  m ethod  
o f  c l i a r a c t e r i s t i c s ,  whJLch c a n  o n ly  be u s e d  t o  s o lv e  s u p e rs o n ic  
p ro b le m s .
(4 )  I f  an o b s ta c le  i n  a  u n ifo r m  p a r a l l e l  s u b s o n ic  s tre a m  i s  
s y m m e tr ic a l a b o u t an a x is  p e r p e n d ic u la r  t o  th e  s tre a m  d i r e c t i o n ,  
and a s u p e rs o n ic  r e g io n  e x i s t s  i3 i t h e  f i e l d  o f  f l o w  i*ound t h o  
o b s ta c le ,  th e  f lo w  m ust n o t  be as oumed s y m io t r i c o l  a b o u t th e  
a x is #  T i l ls  i s  i l l u s t r a t e d  in  P rob lem  I  v /lio re  th e  o b s ta c le  i s  a 
s y r r ta o t r ic a l  d o u b le  v/odgo.
(5 )  U s in g  r e la x a t io n  m e th o d s , a c o n t in u o u s  \ J / -  d i s t r i b u t i o n  i s  
o b ta in e d  b o th  f o r  a sudden an d  f o r  a  g ra d u a l c o a p ro s s io n  o f  a
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s u p o rs o n ic  c o a p r o s s ib lo  f lo w .  Tho r e s u l t s  a re  i l l u s t r a t e d  i n  
P rob le m s I I  and I I I  r e s p e c t i v e ly .  T iiu s  i t  a p p e a rs  t im t  t l ie  
r e la x a t i o n  to c h a iq u o  w i l l  n e v e r  show  a  d i s c o n t i n u i t y  l a  a r e g io n  
o f  c o m p re s s io n  o f  a s u p e rs o n ic  f lo w #  iT i i s  means t l i a t  c a . ip re s s io n  
sh o cks  w i l l  a lw a y s  be  d i s c o n t i n u i t i e s  added t o  t h e  f lo w  
o b ta in e d  b y  t h e  r e la x a t io n  to c l in iq u e #
(6 )  T h is  l a s t  c o n c lu s io n  in t r o d u c e s  th e  m a in  o b je c t io n  t o  t h e  
r e la x a t io n  to c ln i lq u c ,  v i z .  i t  i s  u i  a n n r o x l im to  p ro c e s s , no 
o a t t o r  hov f i n e  th e  n e t  u s e d , and an  in l ie r e n t  d i s c o n t i n u i t y  i n  
th e  f lo ^ y  la y  t l io r e f o r o  be m iso od #  ‘T h e o r o t io a l  s tu d y  o f  t l ie  
i i f f o r o n t i a l  o q u a t io n  o f  c o m p re s s ib le  f lo v ;  b y  th o  ino thod  o f  
c h a ra c t  o r i s  t i c s  n a y  show w h e th e r  th o  r e la x a t i o n  to o lm iq u o  i s  
a c t u a l l y  f a l l i n g  t o  d e t e c t  in h e r e n t  d i s c o n t i n u i t i e s  i n  s u p e rs o n ic  
c o m p re s s io n  p ro b le m s . U n t i l  s u c h  t h e o r e t i c a l  e v id e n c e  a p p e a rs , 
sh o cks  w i l l  be  c o n c id o ro d  a s  added d i s c o n t i n u i t i e s  t o  s u p e rs o n ic  
f lo w s ,  e v a lu a te d  by r o la x a t i o n  n ie th o d s .
(7 )  T lie  m ost l i k e l y  lo c a t io n s  f o r  t h e  a d d e d  a iio c k s  a ro  c u rv e s  
o f  l i i { ^  c o n s ta n t  p re s s u re  g r a d ie n t .  T h is  c o n c lu s io n  i s  r e a d ie d  
a l t e r  s tu d y in g  P ro b le  ms I ,  I I  and I I I .  The c l ia r a c t  e r i s t i c s  o f  
th e  s u p e rs o n ic  r e g io n ,  v / l i c h  a ro  o b ta in e d  f r o ia  t h e  c a lc u la t e d
\ | / ~  d i s t r i b u t i o n  o f  th e  r e g io n ,  may a l s o  g iv e  sorao I n d ic a t io n  
o f  l i k o l y  s h o o k  w ave p o s i t io n s .
(8 )  T lio  o v a lu a t ic a i  o f  th o  f le x /  b o l- iu d  a  s h o c k  w ave s l io u ld  b e  
p o s s ib le  u s in g  r e l a x a t i o n  m e th o d s , w h e th e r  th e  f lo w  be s u b s o n ic  
o r  s u p e r s o n ic . In  P ro b le m  I I I ,  t h o  s u p e rs o n ic  f i o l d  b e h in d  a 
sho ck  i s  e v a lu a te d ,  ta lc in g  a c c o u n t o f  t h o  o n t r o p y  changos a t  th o
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g h o c k , b u t  n o g lo o t ln g  t h e  v o r t i c i t y  i n  t h e  f lo w  b e h in d  th e  
chock# The a u th o r  in te n d s  t o  o b t a i i  a  f i n i t e  d i f f e r e n c e  
a p p ro x im a t io n  t o  e q u a t io n  ( 4 0 ) ,  and use  i t  t o  e v a lu a te  a  f lo w  
w i t h  v o r t i c i t y  b o li in d  a s h o c k , u s in g  th e  r o la x a t io n  to c im iq u o #
(9 )  Tho r e la x a t io n  t o c ln iq u o ,  a l t l i o u ^ i  a p p r o x lr m to ,  i s  v o i ^  
p o i7 o r fu l ,  s in c e  a n y  p a r t i c u l a r  p a r t  o f  a f i o l d  can  b o  e :c a lin e d  
i n  g ro a t  d e t a i l ,  p ro v id e d  t l io  kn o w le d g e  o f  t h e  s tre a m  f u n c t io n  
and i t s  d e r iv a t i v e s  a t  th o  b o u n d a r ie s  o f  t h e  r e g io n  i s  
s u f f i c i e n t l y  a c c u ra te #  T h is  a b i l i t y  t o  t r e a t  p a r t s  o f  a f i e l d  
in d e p e n d e n t ly ,  maîroo i t  p a r t i c u l a r l y  u s e f u l  i n  l i i ^  speed 
d e s ig n ,  w h e re  w in d  t u n n e l  e v id e n c e  may iia v o  s lw n  c e r t a in  
f e a tu r e s  o f  t l ie  f lo w #  H ie  l a t t e r  c a n  e a s i l y  bo  in c o r p o r a te d  i n  
t h e  s o lu t io n  u s in g  r e la x a t i o n  m ethods# I n  f a c t ,  t h e  m ore t l i a t  
i s  known a b o u t a  p a r t i c u l a r  p r o b l e i  b e fo r e  t h e  s t a r t  o f  a 
c a l c u la t i o n ,  t l i o  m ore a c c u ra te  i s  th e  f i n a l  s o lu t io n #
(1 0 )  I t  s h o u ld  be p o in te d  o u t t l i a t  t h e  r o l a x a t i o n  to c l in iq u e  
in v o lv e s  m uch la b o r io u s  c a lc u la t io n #  I t  i s  o b v io u s ly  no i t  h e r  
p o s s ib le  n o r  p r o f i t a b l e  i n  a  w o rk  o f  t l i i o  t 3rpe t o  re p ro d u c e  t h e  
c a lc u la t io n s  i n  d e t a i l #
In  c o n c lu s io n ,  i t  can bo s a id  t lz a t  th e  r e la x a t i o n  t © c lin iq u e , 
because o f  i t s  a p p ro x im a to  n a tu r e ,  w i l l  n e v e r  b y  i t s e l f  
CO ip l e t e l y  s o lv e  c o n p r e s s ib lo  f lo w  p ro b le m s #  H o ve r t l io  lo s s ,  
com b ined  w i t h  e x p e r ia o i i t o l  e v id e n c e ,  i t  ca n  f i l l  t l io  g a p , u n t i l  
s u c ii t i u e  as th e  th e o r y  i s  s u f f i c i a i t l y  d e v e lo p e d  t o  p e rm it  
a n a l y t i c a l  s o lu t io n s  o f  p a r t i c u l a r  f l o w  p ro b le m s#
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" z i r l t l m e t i c a l  S o lu t io n  o f  C o m p re s s ib le  
i l o w  p a s t  a  S y m m e tr ic a l i% o r o fo i l"  # 
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(8 )  Thom and  K la a fe x * . "Some m ' l t b m e t lo a l  S tu d io s  o f  t h e
C o m p ro s o lb lo  F lo w  p a s t  a  Body i n  a 
C h a n n e l"#
i i#R#G. R e p a rt 1 1 ,01 0 #
(9 )  Jo n e s , B r ig h t ,  -tindrows# "S q u a re s  - le t l io d  a p p l ie d  t o  C o m p ro ss ib l©
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(11) Smrions#
(1 2 ) ;L a c c o l l  a n d  Godd#
(13) Pack#
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